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Introduction 



The main objective of this work is to bring together two well known and, a 
priori, unrelated theories dealing with weighted inequalities for the Hardy- 
Littlewood maximal operator 

M/(x)=sup-^ / \ f{y)\dy, x^W. 

x£Q \U\ Jo 



For this, we consider the boundedness of M in the weighted Lorentz space 
AP(u7), introduced by G.G. Lorentz ([|Co2l) in 1951, 



M : A^(^) ^ A^w) 



(1) 



Two examples are historically relevant as a motivation: If w = 1, (|I]) corre- 
sponds to the study of the boundedness 



M : LP{u) 



L^{u) 



which was characterized by B. Muckenhoupt ( | [Mu|| ) in 1972, and the solution 
is given by the so called Ap weights. The second case is when we take in (|l]) 
u = 1. This is a more recent theory, and was completely solved by M.A. Arino 
and B. Muckenhoupt (see |[AM2||) in 1991. It turns out that the boundedness 



M ■ AP{w) — > Ap(m;), 

can be seen to be equivalent to the boundedness of the Hardy operator A 
restricted to decreasing functions of U'{w), since the nonincreasing rearrange- 
ment of Mf is pointwise equivalent to Af*. The class of weights satisfying 
this boundedness is known as Bp. Another results related to this problem 



can be found in |S|], [^, JCS2|, |St^ , [^tp|, and |HM 



Even though the Ap and Bp classes enjoy some similar features, they 
come from very different theories, and so are the techniques used on each 
case: Calderon-Zygmund decompositions and covering lemmas for Ap, rear- 
rangement invariant properties and positive integral operators for Bp. 



1 



2 



INTRODUCTION 



It is our aim to give a unified version of tliese two tfieories. Contrary to 
wliat one could expect, tlie solution is not given in terms of the limiting cases 
above considered (i.e., u = 1 and w = 1), but in a rather more complicated 
condition, which reflects the difficulty of estimating the distribution function 
of the Hardy-Littlewood maximal operator with respect to general measures 
(some previous results on this direction can be found in [ |CHK|| and ||HK|| , for 
the particular case of the U'''^{u) Lorentz spaces with a power weight w). 

In order to carry out this program as a self-contained monograph, we 
study in the first two chapters the main results needed for the rest of the 
book. Hence, in Chapter |1| we consider the boundedness of integral operators 



on monotone functions. The most important result is Theorem |1.2.11| , where 
we prove that under very general conditions, the boundedness is determined 
by the action of the operator on some characteristic functions (see also [ BPS 



and ||CS2|| ). We then consider the main example in this context, namely the 
Hardy operator, and introduce the Bp class. 

In Chapter ^ we make an exhaustive study of the functional properties 
of the Lorentz spaces over general measure spaces, and arbitrary weights. 
In particular we consider the discrete case (sequence Lorentz spaces) where 
we answer several open questions about normability and duality (see The- 



orem |2.4.16| ). Some previous results were already proved (in the case w 



decreasing) in and |[AEP | 



Finally, in Chapter |^ we consider the solution to (P, which is proved in 
Theorem 3.3.5| (some sufficient conditions had been already obtained in | CS3 | 



and ||JNe2|| ). We see that the characterization that we obtain is based upon 
the so called p — e condition, which is natural since both Ap and Bp enjoy this 
property. However is worth noticing that there exist non-doubling weights 
u for which M satisfies (|l]) for suitable weights w (see Theorem p. 3. 101) . We 
also study the weak-type and the restricted weak- type version of (|^). 

As far as possible, we have always tried to give precise bibliographic 
information about the results which were previously known, and also about 
the techniques used in the proofs, although due to the big number of people 
working in these theories, this a difficult task. We have also followed the 
standard notation found in the main reference books (e.g., ||BS|| , [|BL|| , ||GK 



Ru , Stnl, SW 



Chapter 1 

Boundedness of operators on 
characteristic functions and the 
Hardy operator 



1.1 Introduction 



This chapter includes general results on boundedness of operators on such 
as the Hardy operator 

Af{t) = \ f f{s)ds, t>0, (1.1) 
t Jo 

and the Hardy-Littlewood maximal operator 

Mf{x) = sup ^ / \ fiy)\ dy, x E M". (1.2) 

xeQ \Q\ Jq 



The main result is Theorem [1.2. 11| and its Corollaries |1.2.12| and p.. 2. 14 



where it is proved that a great variety of operators satisfy that their bound- 
edness is characterized by the restriction to characteristic functions. 

In the third section, we study the Hardy operator, recalling some known 
results that we shall use in the following chapters and including a detailed 
study of the discrete Hardy operator, 

1 " 

A,f{n) = ^-Y.f{k), neN. (1.3) 

The following standard notations will be used very often: Letters such 
as X or y are always cr-finite measure spaces and A4{X) (A1+(X)) denotes 
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CHAPTER 1. BOUNDEDNESS OF OPERATORS 



the space of measurable (resp. measurable and nonnegative) functions on X. 
The distribution function of / is 

Xf{t)=f,{{x:\f{x)\>t}), 

the nonincreasing rearrangement is 

nt) = mf{s > : Xf{s) < t}, 

and 

rit) = U' ns)ds. 

t Jo 

If / is a positive nonincreasing (nondecreasing) function we will write / | 
(resp. / t)- The space L^^c (Lfnc) is the cone of all nonincreasing (resp. 
nondecreasing) functions in L^. Two positive quantities A and B, are said 
to be equivalent {A ^ B) if there exists a constant C > 1 (independent of 
the essential parameters defining A and B) such that C~^A < B < CA. If 
only B < CA, we write B < A. The undetermined cases ■ oo, ^, will 
always be taken equal to 0. 

1.2 Boundedness on characteristic functions 

In this section we consider the problem of characterizing the boundedness of 

T : (L^'°(X)nL, ||.||pJ^LP^(r), (1.4) 

where L is a subclass of Ai{X) and T is an operator (usually linear or 
sublinear). That is, we are interested in studying the inequality 

||T/|U.,(y)<C||/|Upo(x), feL. (1.5) 

In some cases inequality ( |1.5| ) holds for every / G L if and only if it holds 
on characteristic functions f = xa & L. This happens (see [|CS2|| and ||Stpl|] ) 
in the case L = L^^Kwo), X = (M+, w;o(t) dt) and Y = (R+, wi(t) dt) in the 
range of indices < po < 1, Po ^ Pi < and operators of the type 

Tf{r)= / k{r,t)f{t)dt, r>0, (1.6) 
Jo 

for positive kernels k. Using this, one can easily obtain a useful charac- 
terization of ( |1.4|) . For example, in the previous case the condition on the 
weights wo,wi (nonnegative locally integrable functions in R"*") for which 
T : LPliwo) ^ LP^iwi) (defined by (pD) is: 

/ roo / rr \Pi \ 1/Pi / rr \ 1/PO 

ij ij k{s,t)dtj wi{s)ds] ^^{J wo{s)ds] , r > 0. 
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The range < po < 1, po < pi < cso is fundamental and, in fact, the previous 
principle also works in other situations, as in the case of increasing functions 

El) 

T:LZ{wo)^L^^{w,) 



see 



where T is as in (|1.6[). 

As we shall see (Theorem p..2.11|) all this is a consequence of a general 



principle that can be applied to a more general class of operators than those 
of integral type and for a bigger class of functions that includes the monotone 
functions. 

We first need some definitions. 



Definition 1.2.1 We say that 7^ L C ^A{X) is a regular class in X if, for 
every / G L, 

(i) I a/ 1 G L, for every a G M, 

(ii) X{|/|>t} ^ L, for every t > 0, and 

(iii) there exists a sequence of simple functions (/«)« C L such that < 
fn{x) < /„+i(x) |/(x)| a.e. X e X. 



Example 1.2.2 (i) If X is an arbitrary measure space, every functional 
lattice in X (i.e., a vector space L C M.{X) with g E L ii \g\ < |/|, f E L) 
with the Fatou property (see |[BS|| ), is a regular class. In particular the 
Lebesgue space Lp{X) and the Lorentz space L^'''?(X), < p, g < 00 (see 
(p..8D) are regular classes. 

(ii) If C is a class formed by measurable sets in X containing the empty 

set, 

Lc = {feM{X) : {|/|>t}GC, Vt>0} 

is a regular class in X. To see this we observe that the conditions (i) and 
(ii) of Definition p..2.1| are immediate to be checked while to prove (iii) we 
observe that if < / G Lc, the simple functions 

/n = X] ^2""X{fc2-"</<(fc+l)2-"} + '^X{/>n}, U = 1,2, . . . , 
k=0 

form an increasing sequence that converges pointwise to /, whose level sets 
are also level sets of / and hence they belong to C. 

(iii) If L is a regular class in X, 



L* = {r : fe L} 
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is a regular class in IR+. 

(iv) In the positive decreasing functions are a regular class and the 
same holds for the increasing functions. 

(v) In MJ^ radial functions, positive and decreasing radial functions, or 
positive and increasing radial functions are also regular classes. 

Definition 1.2.3 Let F be a measure space, L a regular class and T : L ^ 
/iA{Y) an operator. 

(i) Tissublinear if |T(ai/i + . . .+anfn){y)\ < \aiTfi{y)\+. . . + \anTfn{y)\ 
a.e. y E Y, for every ai, . . . , q;„ G M, and every /i, . . . , /« G L such that 
"i/i + • • • + anfn e L. 

(ii) T is monotone if \Tf{y)\ < \Tg{y)\ a.e. y E Y, if < 
\g{x)\ a.e. x e X, f,g E L. 

(iii) We say that T is order continuous if it is monotone and if for every 
sequence (/n)n C L with < fn{x) < — /(x) G L a.e. x G X, we 
have that lim„ |T/„(?/)| = \Tf{y)\ a.e. y G 

Remark 1.2.4 It is immediate that a sublinear and monotone operator sat- 
isfies the following properties: 

(i) T(0)(y)=Oa.e. yGF, 

(ii) \T\f\{y)\ = \Tf{y)\e..e.yeY, f e L. 

Remark 1.2.5 (i) Every maximal operator of the form 

T7(x) = sup|r/(x)|, XGX, /gl, 

T€B 

is order continuous, where, for every x E X, B is a. set of order continuous 
operators T. 

roo 

(ii) In particular every integral operator Tf{r) = / k(r,t)f{t)dt, r > 

Jo 

0, / G L C A1+(M+) (with A; : M+ X M+ ^ [0, oo)), is order continuous. For 
example the Hardy operator (see ( |1.1D ) and its conjugate 

m J. 

(iii) Also the identity operator / i— > / is obviously order continuous. 

The following property of the sublinear and monotone operators will be 
fundamental. 
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Theorem 1.2.6 Let L C M.{X) be a regular class and T : L ^ M.{Y) a 
suhlinear and monotone operator. Then, for every simple function f & L, 



\Tf{y)\< / \Tx{\f\>tM\dt, a.e.yeY. 

<j 

Proof. By Remark |1.2.4| (ii) we can assume / > 0. Then, 

N 



n=l 



with oi, 02, . . . , ctAT > and {Bj)j is an increasing sequence of measurable 
sets in X: Bi C B2 C . . . C B^. Set An = J2f=n'^j ^ = ^t---,^-, 
An+i = and note that {/ > t} = if t > Ai and {f > t} = Bn for 



An+i <t<An, n = 1, . . . , N. In particular xb^ is in L (by Definition |1.2.1 
(ii)) and since T is sublinear, it follows that 

N 

\Tfiy)\<Y^an\TxBM\, e^.e.yEY. (1.7) 

n=l 



On the other hand Tx<ii{y) = a.e. y eY (by Remark |1.2.4| (i)) and hence 

/ \Tx{f>t}{y)\dt = Y, \TxB„{y)\dt=Y.(^n\TxB„{y)\, 

since An — An+i = an. The last expression coincides with the right hand side 
of ( |1 . 7|) and the theorem is proved. □ 



Remark 1.2.7 If the operator T is linear and positive (T/ > if / > 0), 
the inequality in the previous theorem is, in fact, an equality when / > 0. 

The following equality will be very much useful later on and it has been 



proved by several authors. See, for example, ||HM 
Lemma 1.2.8 IfO<p<l, 

f roc \ p 

i f{t)dt) 

sup ^— = p . 

fi / fp{ty-^ dt 







We introduce now some new spaces which play an important role in this 
theory, and make some important comments about its definition. 
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Definition 1.2.9 If < p,q < oo, we define the Lorentz space 

L'''{X) = {/ : = {[(t"''r^t)yj)"' < (1-8) 

If g = oo the space LP'°°{X) is defined with the usual modification. When 
the space X is clearly understood on the context, we will simply write ||/||p,g. 



Remark 1.2.10 (i) If 1 < < p, the functional || ■ \\p^g is a norm. In general, 
it is only a quasi-norm (see ||S Wl| ) . 



(ii) In the case l<p<g<cxDwe can define 



(with the usual modification if g = oo) which is a norm (see [|BS|| ) and it is 
equivalent to the original quasi-norm: 

||/U<||/||(p,,)<^||/IU feM{X). (1.9) 

(iii) It is easy to show that \\f\\p^q = f / {tX/''{t)y — I (see Proposi- 
tion |;2j). 

Let us state the main result of this section. 

Theorem 1.2.11 Let L C M{X) be a regular class, T : L ^ M(Y) an 
order continuous sublinear operator and < qo < 1, < Pq < oo. Then 

(a) If go < Qi <Pi < oo, 

\\Tf\\LPi'n{Y) \\TXB\\LPi'n{Y) 

sup — — — = sup 



feL \\J\\lpO'1o(X) Xb<^L \\Xb\\Lpo><H){X) 

(b) If go < Pi < qi < oo, 

f Pi y ' \\J^ XEWLPi'^iY) 



\\Tf\\LP^-^^Y) ^ ( Pi y/'?" 1|Txb||lpi-i( 
sup -TTJT, — < I sup 



/eL \\J\\lpO'10{X) \Pl~%J XB&L ||Xb||lp().9o(x) 
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Proof. Let 



C = sup If^f^"'"^^) . 



We have to prove that ||T/||LPi,9i(y) < KC ||/||lpo.9o(x) for every f E L with 
K = 1 (in the case (a)) or K = —qo))^^'"^ (case (b)). By Remark [1.2.4 



(ii) we can assume / > and since there exists an increasing sequence of 
positive simple functions (/„)„ C L converging to / a.e., with 



\TUy)\<\TUM\^\Tfiy)\ 



a.e. y, 



(Definitions |1.2.1| and |1.2.3|) , by the monotone convergence theorem, it is 
enough to prove the previous inequahty for (/„)„. That is, we can assume 
that < / G 1/ is a simple function. 



Let p = Pi/qo, q = qi/qo- By Theorem |1.2.6| and Lemma |1.2.8 



I J I \\p,q — 



qot'''-'\TX{f>t}{-)r dt 



In the case (a), || ■ is a norm and we obtain that 

POO 

\\Tmu< I qot'^''-'\\\Txif>t}ri,,dt. 

In the case (b), | 



P,9 



(p^g) is a norm satisfying ( |L9| ) and it follows that 

/•OO 

/ qot"'-'\\\Txif>t}ri,,dt. 
^ u 



Pi - qo 



That is, in any case 



\\Tfr 



POO 

< K'^^ qot'"'-'\\\Tx{f>t}riJt 

•J 

= K'^^J^ qof'-'WTxifyt} 

POD 

< (KCrl Qot'"-'\\X{f>t} 

POD I 

= {Kcy° / pot^''-\Xf{t)y'^'"' dt 



dt 

PI, 91 

dt 

po,qo 



(KC) 



90 II f 1190 

P0,90' 



□ 



Applying the previous result to the strong (i.e., diagonal) case T : L^" 
L^^ we obtain: 



10 



CHAPTER 1. BOUNDEDNESS OF OPERATORS 



Corollary 1.2.12 Let L C M.{X) be a regular class and T : L ^ M.{Y) an 
order continuous sublinear operator. If < Pq < 1, Pq < pi < oo we have 

\\Tf\\LPi{Y) \\Txb\\lp-l{Y) 

sup — — — = sup 



feL \\J\\lpo(X) XBdL \\Xb\\lpo{x) 



Remark 1.2.13 The range of exponents jOp, p\ in Corollary |1 .2 .121 is optimal. 

To see this, observe: 

(i) The result is not true if po > 1- A counterexample is the Hardy operator 
A. Given 1 < pq < pi, & necessary and sufficient condition to have the 
boundedness A : V^l^iwo) — > L'^^iwi) is (see 



^^^'^dtY''( r('^y\it)4^'' < a d.io) 



tPi / \Jo \ t 
It is easy to see that the condition 

obtained from Corollary |1.2.12| is equivalent to the inequalities 

Wl^'^'ir) < CiWo^''%r), r > 0, 
^j^ (^jf'w,{t)dtY'' < C^W^^'^r), r>0. 

Observe that these two last inequalities are true for the weights Wo(t) = 
^po-i ^wi{t) = tP^~^X{i,2)it) while these weights do not satisfy ( |1.10| ). 

(ii) The statement does not hold if pi < po- To see this, it is enough to 
consider T = Id : L^°^{wo) U'^iwi). Then, 

poo 

fP'{t)wi{t)dt 1^ g{t)wi{t)dt 

sup — -, — = sup " " 



^j^ r{t)wo{t)dt^ <^j^ g^^^'^-{t)w,{t)dt^ 

(1.11) 

The last supremum is equivalent (c.f. |S^), up to multiplicative con- 
stants depending only on po/pi, to 

/■oo / Ty (f'\ \ pi/(po-pi) \ (po-pi)/po 
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On the other hand, if Corollary |1.2.12| were true in this case, ( |1.11| ) 
would be equal to 

IIX(o.r)||L.i(^,) Wl^^'ir) 

sup T]— ^ ^ — ^ ^^P 



r>0 ||X(0,r)|Upo(«,o) r>0 Wq^^^t) ' 

This last supremum is finite for the weights Wi{t) = t"'* ., i = 0, 1, if 
(1 + ai)/pi = (1 + ao)/po 5 tto, tti > —1, while (|1.12| ) is always infinite 
in this case whatever ai, a2 are. 

Considering the weak- type case T : L^^ Lp^'°°, we have as a conse- 
quence of Theorem [1.2. 11| the following statement. 

Corollary 1.2.14 Let L C M{X) be a regular class and letT : L ^ M{Y) 
be an order continuous sublinear operator. If < Po ^ ^, Po < Pi < oo, 

sup -^rj7. — < sup — . ^. 

feL \\J\\lpo{X) VPi-Po/ xseL \\Xb\\lpo{x) 



Remark 1.2.15 The previous corollary is not true if po > as can be seen 
in the case 

A : LZiwo) ^ L^^'°^{wi). (1.13) 

As was proved in ||CS2|] (see also ||Nel|| ), a necessary and sufficient condition 
to have ( |1.13[ ) is 



WWoit)\~Po 
V t 



Wo 



'wo{t)dtj 'W^^'^'ir) < Cr, r > 0, 
W^^^'ir) < CWo' 
that does not coincide with the condition 



A/po I 



;i.i4) 



r > 0, 



t 



<C 



< t < r < oo . 



which can be obtained applying Corollary |1.2.14| . For example, the two 
weights in Remark |1.2.13| (iii.l) satisfy this last condition but not ( |1.14|) . 

A consequence of Theorem |1.2.11| and the Marcinkiewicz interpolation 
theorem is the following result on interpolation of operators of restricted 
weak-type, which is a generalization of the well known Stein- Weiss theorem 



(Theorem 3.15 in [pW|| or Theorem 5.5 in |PS 
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Theorem 1.2.16 Let < pQ,pi < oo, < qo,qi 1^ oo, po ^ pi, qo qi 

and let us assume that T : (L^"'^ + L^i'^)(X) Ai(Y) is a sublinear order 
continuous operator satisfying 

\\TxB\\g,^^ < CoWxbWpo,!, BcX, 
WTxbI,,^ < Ci||xb|U,i, BCX. 



Then 
if 



T : LP''XX) — > L'^'^iY), < r < oo, 



1 1-e 9 1 1-6 9 r. n . 

- = + — , - = + — , o<e<i. 

p Po Pi q qo qi 



Proof. Since L'*'*" C L'*'*^ if to < ti, there exist indices ro,ri G (0, 1) with 
ri < qi, i = 0,1 and such that 

\\TxBl^,^<a\\xBh^,n, BCX, z = 0,l. 

Theorem |1.2.11| tells us that the previous inequality holds for every function 
/ G L^''^' and the result follows from the general Marcinkiewicz interpolation 
theorem (Theorem 5.3.2 in ||BL|| ). □ 



Remark 1.2.17 (i) The norm of a characteristic function in L^'"^ does not 
depend (up to constants) on q. Therefore, the previous theorem remains true 
if we substitute the original spaces L^''^ by L^^'"^' with < < oo, z = 0, 1. 

(ii) In the classical result of Stein- Weiss mentioned above, the previous 
result is proved for a more restricted set of indices: 

l<Po,Pi<oo, l<qo,qi<oo. 



(iii) Corollary |1.2.12| can be also generalized to consider the case of two 
operators. The following result gives such extension (the proof is similar to 



the one given in Corollary |1.2.12| , and it is also based upon some ideas found 
in [IBP^ 



Theorem 1.2.18 Let L C Ai{X) be a regular class, and let Tj : L — > 
A4{Yi), i = 0,1 be two order continuous operators. Assume thatT^ is positive 
and linear and Ti is sublinear. Then, for each of the following cases: 

(a) < Po < 1 < pi < oo, 
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(b) Ti = Id, 1 < pi < oo, < po < pi, 

(c) To = Id, < Po < 1, Po < pi < oo, 

(d) To = Ti, < Po < Pi < oo, 
we have that 



ll^i/IUpifyi) llT'iXBllLPiryi) 
sup ^ — - = sup — 

feL ||To/ llLPo(yo) xsGL ||ToXB||LPo(yo) 



1.3 The Hardy operator and the classes B 



p 



The Hardy operator A defined in (|1 . 1| ) will play a fundamental role in the 
following chapters. In particular we shall be interested in the boundedness 



and, also. 



A : LZ{wo)^L^^{w,) 



A : LZiwo) T^-°°K). 



:i.i5) 



;i.i6) 



The diagonal case A : Tdcc(w) Wiw) ,p > 1 was solved by Arino and 
Muckenhoupt in [|AM1|] . The condition on the weight w is known as Bp. 
This motivates the following definition. 



Definition 1.3.1 We write w G Bp if 



and w E Bp ^o if 



A : LUw) 



A : LUw) 



LP'°°{w). 



Analogously we write {wo,wi) G -Bpo,pi if ^^e boundedness ( |1.15| ) holds and 
we say that {wo,Wi) G -Bpo.pi.oo if (|1.16| ) holds. 



Remark 1.3.2 Since Lp{w) C L^'°°{w) we have that 



< po,pi < oo. 



In particular Bp C -Bp,oo, < p < oo. 



The characterization of the weights satisfying ( p..l6|) is obtained applying 
directly Theorem 3.3 in [|(JS2|| : 



Theorem 1.3.3 Let < pi < oo. Then, 
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(a) If po > 1 the following conditions are equivalent: 

BpQ ,pi,005 

(,.) (^£(^IMf'''it)'''''wl''Hr)<Cr, r>0. 

(Hi) 

W^^'^'ir) < CWo^'^'ir), r > 0. 



(b) If pq < 1 the following conditions are equivalent: 
(i) {wo,wi) e 



The strong boundedness A : L^°^{wq) L^^(wi) is not so easy and, 
in fact, the case < pi < po < 1 is still open. The result that follows 
characterizes the classes Bp. The proof of (i) <^ {ii) can be found in [ AMI ] 
(case p > 1) and it is a consequence of Corollary |1.2.12| in the case p < 1. 



The equivalences with (iii) and (iv) are proved in fSo 



Theorem 1.3.4 (Arino-Muckenhoupt, J. Soria) For < p < oo the follow- 
ing statements are equivalent: 

(i) w G Bp. 

i-j w{t) dt<C w, r > 0. 

i-r fP-i j-P 

The classes -Bpo.pi with Po < I, Po < Pi can be characterized using Corol- 
lary |L2rT^ (see also ||CS2|| ). The case pi,po > 1 was solved by Sawyer (|[Sa||). 
Stepanov ( ||Stp2|| ) solved the case < < 1 < po and Sinnamon and 
Stepanov ( fSSH ) solved the case < pi < 1 = po- 
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< oo 



We shall also be interested in the boundedness of the discrete Hardy 
operator acting on sequences / = (/('^))„>o in the form 

Ad/H = ^E/(A;), n = 0,1,2,... 

+ fc=0 

In the next chapter, it will be very much useful to know the boundedness of 

A, : iPJw)^iP'^{w), (1.17) 

and also, 

A, : (1.18) 

where w = {w{n))^ is a weight in N*, that is, a sequence of positive numbers, 
and i^{w) is the Lebesgue space in N*, with measure J2n''^{^)^{n}, that 
is, 

= {f = (/(n))„ C C : ||/||,.(^) = (E |/(n)r^(n)''^' 

^ n=0 ^ 

^dcc{w) is the class of positive and decreasing sequences / (we shall use the 
notation / J.) in £^{10) while i^'°°{w) is the weak version of i'^{w) and it is 
defined by the semi-norm 

ii/ii,„oo(^) = supti/v:(t), 

t>0 

where is the decreasing rearrangement of / = {f{n))^ in the measure 
space (N*, X^n '"^('^)'^{n})- Similarly as was done in M"*", for each weight w 
(resp. wq, u, . . .) in N* we denote by W (resp. Wq, U, . . .) the sequence, 

n 

W{n) = J2i^ik), n = 0,l,2,... (1.19) 

fc=0 

With this notation, it can be easily seen that 

11/ ||£P,oo(u;) = sup W'/P{n)f{n), f i . (1.20) 

n>0 

It is now the moment to recall an important result due to E. Sawyer which 
will be used several times in what follows. The original proof can be seen in 
5a| and other proofs in ||CS2|| and ||Stp2|| . 



Theorem 1.3.5 If 1 < p < 00 we have that 



sup 



fl \\J\\LP{wo) 
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Let us now formulate a discrete version of the above result. 
Theorem 1.3.6 Let w = (w(n))„, v = (f be weights in N* and let 

Then, 
(t) IfO<p<l, 

C V{n) 
b = sup 



with W defined by ( \1.19{ ) and V analogously, 
(a) If 1 < p < oo, 



W ^ V{oo) 



where v is the weight in defined by 



oo 



n=0 

ft 



and V{t) = / v{s) ds and analogously for w and W . 
Jo 

Moreover, the constants implicit in the symbol ~ only depend on p. 

Proof, (i) is obtained applying Corollary |1.2.12| with pi = 1, po = p, X 
Y = W, T = Id to the regular class L of decreasing sequences in N*. 
(ii) can be deduced from Theorem |1.3.5| observing that 

f{t)v{t)dt 

To see this, note that if / = {f{n))^ is a decreasing sequence in N* and we 
define / = T,n=o f{n)X[n,n+i) e A1dBc(K"^), it is obvious that 



^ = sup— £ TTT^. (1.21) 



oo 



E/H^W r f{t)v{t)dt 

n=0 _ Jo 



°° \ 1/P / /-oo ^ \ 1/p ■ 

Y.f{nfw{n)) / f^{t)w{t)dt 
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Therefore S is less than or equal to the second member in ( |1.21| ). On the other 



hand, if (yf > is a decreasing function in and we define the decreasing 
sequence f{n) = ( /""'"^ g^is) dsY^^, n = 0, 1, . . ., we obtain 



[nYw(n) 



POO 

/ g^{t)w{t)dt = Y.f{ 
Jo 

while by Holder's inequahty 

rca rn-\-l 

/ g{t)v{t)dt = / 9it)dt 

Jo ^ Jn 

/ rn+1 \ 1/p 



Hence, 



r g{t)v{t)dt T.fi^H^) 

Jo ^ n=0 



< 11^ _ < s. 



' roD \ 1/p — / oo s i/p 

g^{t)w{t)dtj [^Y^fi^T^M 
Thus ( |1.21| ) is proved and (ii) follows by applying Theorem |1.3.5| . □ 



The following result characterizes the boundedness ( |1.17| ). 
Theorem 1.3.7 

(a) If < p < 1 we have that Ad : ^doc(w) — ^ iP'°°{w) if and only if 

^<C 0<m<n. 1.22 

n + 1 ~ m+1 ~ ~ ^ ' 

(b) If 1 < p < oo the following statements are equivalent: 

(i) Aa : eU'u^)^iP'^{w), 

(li) w = E^=oW('^)X[n,n+l) e Bp, 

(Hi) J2k=o vi/i/p(fe) — ^ w^'/p\n) ' n = 0,1,2, .. . 

Proof. The boundedness of Ad : fdec(w) — ^ iP'°°{w) is equivalent (c.f. 
( p..20| )) to the inequality 



W'/^in)Adfin) < / i, n = 0, 1, 2, . . . 
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Equivalently 

!5^,„p^MiW <a (1.23) 

" + i /I (Er-o/WM*))"'" 

Hence, (a) is obtained applying Theorem |1.3.6| (i). Also observe that 
the condition (|1.22|) is obtained applying ( |1.23|) to sequences of the form 
/ = (1, 1, 1, . . . , 1, 0, 0, . . .) (characteristic functions in N*) and thus it is also 
necessary in the case p > 1. 

To prove (b), that is the case p > 1, we note, as we already did in 
Theorem |1.3.6| , that the discrete supremum in ( [L.23|) can be substituted by 
a supremum on decreasing functions in IR+ with weights X{o,n+i) and w: 

/ 9 it) dt 
sup— ZTJ^. 



9l 



g'\t)w{t) dt 



Therefore ( |1.23| ) is equivalent to 

W'/P{n + l)Ag{n + 1) < C\\g\\Ln^), g i, n = 0,1,2, .. . 

In fact the previous inequality is true (with constant 2C) substituting n + 1 
by any value t > 0. To see this, if < t < 1, 

W^/P(t)Ag(t) = {w{0)tfn-^ t g{s)ds 

Jo 

i/p 



< iwiO)tfn-^(^l^ 9''is)ds^ t^/p' 

< (^J^ 9^{s)w{s)ds^ < llfi'llLP(^), 

and if t E [n,n + 1), n > 1, we obtain, using (|1.22|) , 

W'/P{t)Ag{t) < W^l^{n + l)Ag{n) < 2CW^I^{n)Ag{n) < \\g\\Lv(^^y 

Summarizing, in the case p > 1 the boundedness of : £dec(w) — > £^'°^(w) 
is equivalent to the inequahty 

W^I^{t)Ag{t) <C\\g\\i^,(^^y t > 0, 

which holds for every function g i in R"*". But this means that we have the 
boundedness of the continuous Hardy operator 

A : LUw) ^ L^'-(*), 
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which is equivalent (Definition |1.3.1D to w G Bp oo = Bp (the classes Bp and 
-Bp,oo coincide if p > 1, see |[Nel|| ). We have then proved the equivalence 
(i) and (ii). To see the equivalence with (iii) let us first observe that this 
condition also implies ( |1.22| ) since if m < n, 

m + 1 1 1 

and by (iii), the last expression is bounded above by C{n + 1) /W^^P{n). 
Hence, in the proof of (ii)-v^(iii) we can assume that ( |1.22| ) holds. With 
this (and taking into account the definition of w) it is immediate to show 
the equivalence between the condition w E Bp (that is (ii)), that by Theo- 
rem |1.3.4| (iv) is 

^ dt<C^ , r>0, 



W^IP{t) W^IP{r) 



and condition (iii): 



" 1 n + 1 

It is enough to discretize the integral and to note that 

^ dtK. — n = 0,1,2,... □ 

. wyp{t) w^ip{ny ' ' ' 



The characterization of the boundedness ( |1.18| ) can be seen very easily 



and it is equivalent to the condition (b)(iii) of the previous theorem. 
Theorem 1.3.8 For < p < oo we have that 

A, : (^) ^"'°°(^) 

if and only if 

" 1 n + 1 

Proof. The boundedness in the statement is equivalent to the inequality 
\\Adf\U.,^^^) < C, / i, < 1. (1.24) 
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Now, if / is decreasing ||/||^p,oc(iu) = sup„ W^/P{n)f{n) (cf. ( [T^ ) and 
< 1 implies f{n) < W^^^'''{n), for every n. On the other hand 
the sequence W~^^p is decreasing and with norm 1. Therefore / = W~^/p is 
the sequence that attains the maximum in the left hand side of ( |1.24| ) and 
the characterization will be 

\\AdW-^'''\\iv,^(u,) = C <oo. 
Taking into account that AdW~^^^ is decreasing and (|1.20| ) for the norm in 



('P'°°{w) of such sequences, we obtain the condition of the statement. □ 
Corollary 1.3.9 If 1 < p < oo the following conditions are equivalent: 

n = 0,1,2,..., 



(n) El. 


1 

=0 iyi/p(fc) 


^ n+1 
— W^/P{n) 


(lit) Ad 




. 


(iv) Ad 


■ Ccf{w] 


— > (P'^iw 


(v) Ad 


■ CUw) 


— >lP{w). 



Proof. The first four equivalences are a consequence of the two previous 
theorems. On the other hand, (v) implies (iii) and (i) implies 

A : LU^)—.LP[w). 

It is immediate to check that this boundedness of the Hardy operator in M"*" 
implies the corresponding boundedness for the discrete Hardy operator Ad, 
that is (v). □ 



Chapter 2 
Lorentz Spaces 



2.1 Introduction 

If {X, fi) is a measure space, w is a weight in M"*" (see Definition |2.1.1| below) 
and < p < oo, the Lorentz space Ax{w) is defined as the class of all 
measurable functions / in X for which 

i/p 



Aw = [l int)rw{t)dtj <oo, (2.1) 

where /* is the nonincreasing rearrangement of / with respect to fi. These 
spaces were first introduced by G.G. Lorentz in [ Lo2 | for the case X = (0, 1). 



By choosing w properly, one obtains the spaces L^''^ defined in ( |1.8| ). As we 
shall see, we also have a weak- type version denoted by Ax°°{w). 

In this chapter we are going to consider the study of analytical properties 
of these function spaces, giving a complete description of some previously 
known partial results. Already in the work of Lorentz ( | [Lo2[ ) there exists 



a characterization of when (p.l|) defines a norm. Later, A. Haaker ( ||Ha]| ) 
extends this result to the case of X = M"^ and w ^ L^, and considers also the 
existence of a dual space. E. Sawyer ([^) gives several equivalent conditions 
on w so that A^„(w) is a Banach space, when p > 1, and M.J. Carro, A. 
Garcia del Amo, and J. Soria ( ||CGS|| ) study the normability in the case 



p > 1 and X is a nonatomic space. For these same conditions, J. Soria ( fSo 
characterizes the normability of the weak-type Lorentz spaces. We present a 
throughout account of all these properties in the general setting of resonant 
spaces, allowing us to also consider the discrete case X = N and the sequence 
spaces i^. These discrete spaces (which are also known as d{w,p)) had been 
previously studied for decreasing weights w (and hence || ■ ||ap(«,) is always a 
norm if p > 1). Here we will consider general weights and also the weak-type 
spaces d'^{w,p). 
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This chapter is divided into several sections. After the definition and 
first properties of section p.2| we consider in section |2.3| the quasi-normed 
Lorentz spaces (for which only minimal assumptions on the monotonicity of 
the primitive of w are required). Density properties for simple functions and 
absolute continuity of the quasi-norm are also considered. Section |2.4| is the 
largest and we study the duality results. In particular we characterize when 
A* = A' and when these are the trivial space. In section ^]5| we give necessary 
and sufficient conditions to have that the Lorentz spaces are Banach spaces. 
Finally in section ^]6| we study interpolation properties and the boundedness 
of certain operators. 

We fix now the main definitions and notations used in what follows. 



Definition 2.1.1 We denote by M"*" = (0, oo). The letters w, w, Wq, are 
used for weight functions in M"*" (nonnegative locally integrable functions in 

rr 

For a given weight w we write W{r) = / w{t) dt < oo, < r < oo. 

Jo 

If (X, /i) is a measure space, / G A4{X), we denote the distribution 
function and the nonincreasing rearrangement of / as Xf{t) and f*{t), and if 
the measure dfi(t) = w(t) dt, we will write \J and f* to show the dependence 
on the weight w. 

If (X,^) = {W"',w{t)dt) we write LP'1{w) instead of LP'«(X). 



2.2 Ax{w) spaces 

In this section {X, fi) denotes, except if otherwise mentioned, a general mea- 
sure space. 

Definition 2.2.1 Let w be a weight in M"*". For < p < oo we define the 
functional || ■ ||ap,(«,) : M.{X) — > [0, oo] as 

/ roo \ 1/p 

\\f\\Aw = [i int)rwit)dtj , fEMix). 

The Lorentz space A^(w) = A^(ty) is the class 

A^H = {/gA^(X) : ||/|U.^(^) < oo}. 

Observe that ||/||a^(«)) = This allows us to extend the previous 

definition. For < p, g < oo set 

A^^'iw) = {/ G M{X) : ||/||ap^.(^) = Wrhr.M < oo}. 
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From now on, the notation A^(w) or A^^(w) without any reference to 
w, means that w is a weight in not identically zero on (0,/i(X)). The 
symbol A will denote any of the spaces previously defined. Sometimes we 
will write A^ as a shorthand for A^(w) if X and w are clearly determined. 
Similarly A(u7), Ax, A?'(w), etc. Observe that A°°'« = {0} if < g < oo. 

These spaces were introduced by Lorentz in ||Lol|| and |P^o2|| for the case 
X = (0,1) C M^. They are invariant under rearrangement and generalize the 
LP Lebesgue spaces and L^''^ (see Examples p.2.3| (i) and |2.2.3| (ii)). The spaces 
AP{w) we have defined are usually called the "classical" Lorentz spaces to 
distinguish them from L^'^. 



Remark 2.2.2 (i) /*(t) = if t > fi{X). Hence, the behavior of the weight 
w in [fi{X), oo) is irrelevant. We will assume, without loss of generality, that 
the weight w vanishes in [fi{X), oo) if < oo. Observe that, in this way, 
we have that w e L^(R+) if fi{X) < oo. 

(ii) If w ^ L\R+) then Mmt^oo = if / G AP'«(«;) {p < oo). 

(iii) Simple functions with finite support are in A'P''^{w). li w ^ then 
L°° C AP''^{w) and every simple function is in A^''^(w). 

(iv) Observe that AP'P{w) = Ap{w), < p < oo. 



Example 2.2.3 (i) In the case w = 1 we have, for < p, g < oo, A^''(l) = 
LP'i{X). Here W{t) =t, t>0. 

(ii) If < p,g < oo, A^(t«/P-i) = ^^■''(X) with equality of "norms". In 
this case W{t) = 2^?/?, t > 0. 

(iii) If w = X(o,i)5 the space A\-{w) = A\-{x{o,i)) contains L°°{X) and 
W{t) = t, < t < 1. In this case the functional || ■ ||ai is a norm and the 
space is a "Banach function space" (see Definition |2.4.3| ). 

(iv) If X = N* = {0, 1, 2, . . .} and we consider the counting measure, then 
measurable functions in X are sequences / = (/(^))„>o C C and 



A^(^) 



E inn))'^n 



n=0 

■n+1 



1/p 



/•n+1 

where for each n = 0, 1, 2, ... , f2„ = / w{s) ds = W{n+1) — W{n). Thus, 

J n 

A^(w) depends only on the sequence of positive numbers = (i7„)J^Q and 



it is usually denoted as d{^l,p). In the weak- type case, 

1/p 

• k=0 



^ n>0 



sup E^fc 

n>0 \ ,._n / 
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and we will use the symbol d°°{Q,p) to denote A^°°(?i;). Given d{fl,p) or 
d°°{Q,p) we will assume that Q is always a sequence of positive numbers. 

It is clear that both d{Q,p) and ci°°(f2,p) are always contained in £°°(N*) 
and if G £\W) we have in fact that d{n,p) = d'^{n,p) = (with 
equivalent norms). The only interesting case is hence Q ^ £^(N*). In this 
case, the space is contained in co(N*), the space of sequences that converge 
to and, for each / G d{Q,p) (/ G d°°{Q,p)), (/*(?t-))„>o is the nonincreasing 
rearrangement of the sequence (/(^^■))„>o- 

If the sequence fl = (f2„)n of the previous example is decreasing and 
p > 1, d{Q,p) is a Banach space. This case has been studied by several 
authors |Cg], |AJ, |Po[, [ [Mq , etc.). The case increasing is 



considered in [AEP|. We will assume no a priori conditions on Q. 



The following lemma (see ||CS1|| ) will be very useful. 



Lemma 2.2.4 Let < p < oo and v > be a measurable function in M+. 

Let V{r) = / v(s)ds, < r < oo. Then, for every decreasing function f 
Jo 



we have that 



fP{s)v{s)ds= / ptP-^V{Xf{t))dt. 
Jo 



The following result gives several equivalent expressions for the functional 
II ■ lU^'Cji))- particular, we see that it only depends on W. 

Proposition 2.2.5 For < p,q < oo and f measurable in X , 

1/9 

,^„, = ( / vt^-'w'HXfmdt] 







(^) II/IIa-h = ( i pt'^-'w^^'iXfit))dt 

i/p 



(n) \\f\\A^,M=[l pt^-'WiXfit))dt^ 
(n^) ll/IUrM = snp,^otW'H>^fit)) = snp,^,f*it)Wy^it). 
Proof. 

(i) Since every function and its decreasing rearrangement have the same 
distribution function (see ||BS|| ) we have that. 



W{Xf{t)) = W{Xf,{t)) = w{s)ds = j^^^ ^w{s)ds = X'f^it). 
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By Lemma |2.2.4| and since = (/*)^, we obtain that 



pti~^W''/P{Xj{t))dt 



1/9 



1/9 



-1 



qs'^-^ ds dt 



i/g 



(ii) It is an immediate consequence of (i). 

(iii) For the first inequahty we observe that 



t>0 



t>0 



The second inequahty for characteristic functions is trivial and, by mono- 
tonicity, the general case follows. □ 



Remark 2.2.6 (i) If we compare p.2.5| (i) and |2.2.5| (ii) we see that, for 



q < oo, II/IIa-h = II/IIa^(^) where w{t) = Wi/P-\t)w{t), 0<t< fi{X) 
Therefore, every Lorentz space as defined here reduces to A^(t/;) and its weak 
version A^°°(w). 

(ii) From p.2.5| (iii), we deduce that A^°°(w) = A^°°((g/p)w) for < 
p,q < oo. 

For the spaces L^'°°(X) it is known that the quasi-norm ||/||p,oo is, for 
every q < p, equivalent to the functional 

sup WfxEW.f^iE)'/^-'^'^. 

ECX 

This is the so-called Kolmogorov condition (see e.g. | |(jK| ]). An analogous 
version for AP'°°(w) also holds. 



Proposition 2.2.7 IfO<q<p<oo and f G M{X), 

1/9 

Ec'x " '"^xy^> \p- q, 

where the supremum is taken over all measurable sets E C X . 



EcX \ P Q / 
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Proof. Let 

^=sup \\fXEhu^^W{^^iE)f'-'/''. 

ECX ' 

To show the first inequahty, let E = {\f\ > t}, t > 0. Then, 



s > \\fxEh.^^^)W{fi{E)y 

^ iifxEns)rwis) d.s]'^'wif,iE)f^''^'^ 







> U'^ w{s) ds] WifiiE)^''-^^' 
= tWif^iE)f^ = tWiXfit)f^, 



and taking the supremum in t > we get ||/||a^°°{«;) < S (c.f. p.2.5| (iii)) 



To prove the second inequahty, for each / G M.{X), E C X, let a 
a--mW^(/^(^))"'^"- Then, by ^ (iii), 

roc 
JO 

a POO 

qt^-'W{Xf^,{t))dt+ / qt^''W{Xf^,{t))dt 



Jo Ja fP 



Hence, 



\\fxE\W^^^^)W{^,{E)f'^-'"^ < ll/IUrw ° 



In tlie following proposition we state some elementary properties for these 
spaces (see ||BS|] ). 



Proposition 2.2.8 For < p,q < oo and /, g, fk, k > 1, measurable func- 
tions in X , we have that: 

(i) I/I < 1^1 ^ II/IIa^^h < II^IIa^'H; 

(^■i) P/IIa^«(«;) = I^III/IIa^«(«;), t e C, 

(m) 0< fk< fk+l-^f a-e. ||/fc||A^9(«;)-^||/||A^^(«;); 

(iv) II liminffc |/fc| ||ap,9(^) < liminffc ||/fc||A^«(«,); 
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(v) A^j)f°{w) C A'jjf^^w) continuously, < qo < qi < oo, 

(vi) If W{jj,{X)) < oo then, for < po < Pi < oo, we have that K^x'^iw) C 
K^x^iw), < r < oo continuously, 

(vii) xe G Ax'(^^) ^^{E) < oo. 

The following property connects the norm convergence || ■ ||ap;'J(^) with 
the convergence in measure and it is related to the "completeness" property 
of our spaces. 

Proposition 2.2.9 Assume that W > Q in (0, oo), let A = A^'^(w) he a 
Lorentz space and let {fn)n be a sequence of measurable functions in X . 

(i) If\\mrn,n \\fm — fnWk = then {fn)n is a Cauchy sequence in measure 
and there exists f G A4{X) such that lim ||/ — /n||A = 0. 

(i%) If f e M{X) and lim„ ||/ - /„||a = then {fn)n converges to f in 
measure and there exists a partial {fnk)k convergent to f a.e. 

Proof. The case g < p = oo is trivial and in the case p = q = oo, A^'^ = 
L°° and the result is already known. If p < oo it is immediate, by Proposi- 
tion |]2J, that 

W^(A/(r))<C, J'^"j^"'\ r>0, < g < oo. 

Using the hypothesis of (i) we obtain then that W^(A/„_/„(r)) — >0, for every 
r > 0, which (since > 0) implies A/„_/^(r) — i>0, r > 0, that is, {fn)n is 
a Cauchy sequence in measure. We know that this implies the convergence 
in measure of {fn)n to some measurable function / and the existence of a 
partial {fnjk converging to / a.e. By Proposition p.2.8| (iv) we have that 
11/ - /nlU < liminffe - /„||a and, thus, lim„ ||/ - /„||a = 0. 
The proof of (ii) is analogue. □ 

The functional || ■ ||a is not, in general, a quasi- norm and, in fact, A 
could not even be a vector space. The following lemma characterizes the 
quasi-normability of these spaces, which, as we will see, only depends on the 
weight w and on the measure space X. 

Lemma 2.2.10 If < p < oo and < q < oo, the space Ax^{w) is quasi- 
normed if and only if 

< W{n{A U B)) < C{W{i2{A)) + W{fi{B))), (2.2) 

for every pair of measurable sets A,B C X with fj,{A U B) > 0. 
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Proof. Sufficiency: The hypothesis imphes that W{fi{A)) > if fi{A) > 0. 
If ||/||ap,9 = 0, by Proposition gX5| , we have that W{\f{t)) = 0, t > 0, and 
hence, Xf{t) = for every t > 0, that is / = a.e. It remains to show the 
quasi-triangular inequahty and it suffices to prove it for positive functions. 
Let < /, ^ e AP'i{w) and t > 0. Then {f + g > t} C {f > t/2} U {g > t/2} 
and by hypothesis 

WiXf+M < C{W{Xf{t/2)) + W{X,{t/2))). 



Since C does not depend on t, it satisfies that (Proposition p.2.5|) 

11/ + g\\AP-iiw) < Cp,qi\\f\\AP-i{w) + \\g\\AP'i{w))- 

Necessity: If A, B are two measurable sets with ii{A U B) > 0, Xavjb < 
Xa + Xb and since AP''^{w) is quasi- normed, we have that (Proposition |2.2.5D , 



o<Cp,,w^i/p(M^u5)) = IIxaubIIap^.h 

< \\Xa + Xb\\kP'1{w) 

< C{\\ XA\\kP'i{w) + ||Xb||aP'9(w)) 

= C'^,,{W''^{KA)) + W''^{^^{B))) 
which is equivalent to the condition of the statement. □ 
The previous result motivates the following definition. 
Definition 2.2.11 Let w be a weight in IR+. We write W e A2(X) (or 



W e A2(/i)) if W satisfies (U). If X = M we shall simply write W E A2. 



Therefore, Lemma |2.2.1U| tells us that, for every < p < 00, < g < 00, 



Ax^{w)is quasi- normed 4^ W E A2{X). 

Proposition 2.2.12 The following conditions are equivalent: 
(t) W G A2, 

(ii) W{2r) < CW{r), r > 0, 
(ill) Wit + s)< CiWit) + W{s)), t, s > 0, 
and in any of these cases, W{t) > 0, t > 0. 
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This proposition (whose proof is trivial) shows that G A2 is some- 
thing easy to check. The condition 14^ G A2 is sufficient to have the quasi- 
normabihty of A^^f{w), independent of the measure space X and this is the 
content of the following theorem. The second part was proved in ||CS1|| and 
the proof of (i) is immediate. 

Theorem 2.2.13 Let < p < 00, < q < 00. 

(i) IfWE A2, AP''^{w) is quasi-normed. 

(a) If X is nonatomic, K^x{w) is quasi-normed if and only ifW G A2. 

That is, A2 C A2(X) for every X and if X is nonatomic, A2 = A2(X) (we 
are assuming that w is zero outside of (0,/i(X))). 

Remark 2.2.14 For the case p = q = 00, it is obvious that the following 
properties are equivalent: 

(i) Ax{w) is quasi-normed. 

(ii) A^iw) = L°°(X) (with equality of norms). 

(iii) (A^(w), II ■ ||A^(tt,)) is a Banach space. 

(iv) W{ij{A)) > if ij{A) >0, AcX. 
Any of these conditions hold if G A2(X). 

Let us recall the following definition that we shall use quite often in what 
follows. 

Definition 2.2.15 A resonant measure space X ( |pS[| ) is a a-finite space 
which is nonatomic or it is a union (at most countable) of atoms with equal 
measure. 



If X is nonatomic we have already characterized (Theorem |2.2.1^ ) when 



Ax is quasi-normed. The following theorem completes the characterization 
for the case X is a resonant measure space. Its proof is immediate. 

Theorem 2.2.16 Let X be an atomic measure space whose atoms have mea- 
sure b > 0. Then W G A2{X) if and only if 

W{2nb) <CW{nb), n>l. 

In particular, if < p < 00 the spaces d{Q,p) and d°°{Q,p) (Exam- 
ples ^^^^(iv)) are quasi-normed if and only if 

2N N 

T.^n-i<cJ2n„..,, N = i,2,... 

n=l n=l 
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2.3 Quasi- normed Lorentz spaces 



In this section {X, /i) will be an arbitrary cr-finite measure space and the 
Lorentz spaces will be defined on the measure space X. We shall study 
the topology and some elementary properties of the quasi-normed Lorentz 
spaces. As we know, the condition to have that Axiw) is quasi-normed is 



W e A2(X) (Lemma ^■2.10|) . 

As in every quasi-normed space, we consider in A the topology induced 
by the quasi- norm || ■ ||a : G C A is an open set if for every function / G G 
there exists r > such that {g E A : ||/ — qWa < r} C G. We know that 
there exists in A a translation invariant distance d and an exponent p G (0, 1] 
so that 

dif,9)<\\f-9\\l<2dif,g), f,geA. (2.3) 



This is a common fact in every quasi-normed space (see ||BL|| ). Inequality 
(|2.3| ) tells us that the topology of A coincides with the one induced by the 



metric d and hence, A is a metric space. From Proposition 2.2.9 it can be 
also deduced that it is complete. A is then a quasi-Banach space. These and 
other facts are summarized in the following theorem. Its proof is obvious 
using the previous considerations and Proposition p.2.9| (see also |PL|| for 
property (iii) and |BS[] for (iv)). 



Theorem 2.3.1 Every quasi-normed Lorentz space A is quasi-Banach. In 
particular A is an F-space (topological vector space which is metrizable with 
a translations invariant measure and complete). Every function in A is finite 
a.e. and if {fn)n C A, 

(i) {fn)n is a Cauchy sequence, if and only if\\mrn,n \\fn — /mlU = and 
then it is also a Cauchy sequence in measure. 

(a) A— lim/n = / if and only ^/lim„ ||/— /nlU = and then {fn)n converges 
to f in measure and there exists a partial that converges to f a. e. 

(iii) If p = log(2)/ log(2C) where C is the constant of the quasi-norm || ■ ||a 
in A, there exists ap-norm in A equivalent to \\ ■ ||^. IfY^n ll/n||A < oo 
the series Y.n fn is convergent in A. 

(iv) If Ax C Ax and both are quasi-normed Lorentz spaces, the embedding 
is continuous. 

(v) If F is another quasi-normed space, a linear operator T : A ^ F is 
continuous if and only z/sup||j||^<]^ II^/IIf < oo. 
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2.3.1 Absolutely continuous norm 

We now study the equivalent property to the dominated convergence the- 
orem of the L'P spaces: If hm„/„(a;) = /(x) a.e. x and |/„| < g E then 
II /n — /lip — ^0. In general, in a Banach function space (on X cr-finite) a func- 
tion g as before is said to have an absolutely continuous norm. A space in 
which every function has absolutely continuous norm satisfies the dominated 
convergence theorem (see PS|| ). 

Definition 2.3.2 Let {E, \\ ■ ||), E C M{X), be a quasi-normed space. A 
function / G -E is said to have absolutely continuous norm if 

Jim ||/xaJ|=0, 

for every decreasing sequence of measurable sets {An)n with xa„ a.e. 
If every function in E has this property, we say that E has an absolutely 
continuous norm. 

The connection of this property with the dominated convergence theorem 
is clear from the following proposition. Its proof is (except on some minor 
modifications) identical to the one in PS|] (pp. 14-16) for Banach function 
spaces and we omit it. 

Proposition 2.3.3 If A is a quasi-normed Lorentz space and f E A, the 
following statements are equivalent: 

(i) f has absolutely continuous norm. 

(a) lim„ ||/xs„||a = if {En)n is a sequence of measurable sets with xe^ 
a.e. 

(lii) Yrnvn ||/„||a = z/ |/„,| < I/I and lim„ /„ = a.e. 
(iv) lim„ ll^i - gn\\A = if \gn\ < \ f\ and lim„5(„ = g a.e. 

The following result shows that, except in the special case /i(X) = oo 
and w E L^, the spaces A^(w) have absolutely continuous norm. 

Theorem 2.3.4 Let < p < oo and A^(w) be a quasi-normed space. Then, 

(i) If fi{X) < oo, A^(w) has absolutely continuous norm. 

(a) If /i(X) = oo, A^(w) has absolutely continuous norm if and only if 
w ^ L\ 
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Proof, (i) Let us assume that < oo and let us see that if < / G 

A^(w) and ((?„)„, is a sequence of measurable functions satisfying 

< fi-n < / e A, gn^O a.e., 

then lim„ Hs'nllA = 0. Since the space is of finite measure, the point- 
wise convergence implies the convergence in measure and we have that 
lim„Ag„(t) = 0, < t < cxD. In particular W{Xg^(t)) — > 0, t > 0. Since 
W{Xg„ {t)) < W{Xf{t)) and / G A^, from Proposition p^ (ii) and the domi- 
nated convergence theorem, it follows that lim„ Hs'nllA = 0. 

(ii) Assume that w ^ L^, < / G A^(w) and {gn)n is as above. The 
hypothesis on w implies \f(t) < oo, t > and the sets = {f < 1/k} have 
complement of finite measure and, if fk = fXE^ have that < 1/k and 
also < /*. By the dominated convergence theorem ||/a;||a ~^ 0. Therefore, 
given e > there exists a measurable set E G X with fi{X \ E) < oo 
and such that ||/x£;||a < ^- Then the functions gnXx\E are as in (i) and 
IIS'nXxvsllA 0. We also have that 

limsup Wgnh < Climsup (||5'nXx\ii;||A + \\gnXE\\A) < CW/xeWa < Ct. 

n n 

And, since this is true for every e > 0, we obtain that lim„ ||(7ri||A = 0. 
This proves the sufficiency in (ii). To show the necessity, let us assume 
that fi{X) = oo, w E and let us see that A^(w7) has not absolutely 
continuous norm. In this case, since X = UJ^i Xn with fi{Xn) < oo for 
every n, the sets En = [JkLn^k satisfy XEn ~^ a.e. and also, x*En ~ ^■ 
Thus, lim„ llxSnlUp = > and the function 1 G A^(ty) does not have 

absolutely continuous norm. □ 

Corollary 2.3.5 If < p < oo and A^(w) is a quasi-normed space, every 
function in this space which vanishes in the complement of a set of finite 
measure, has absolutely continuous norm. 

The analogous question in the case of the weak-type space A^°°(w) is 
solved in the following theorem, for the case when X is a resonant mea- 
sure space: these spaces do not have, except in the trivial case, absolutely 
continuous norm. 

Theorem 2.3.6 If X is a resonant measure space, < p < oo and W G 
A2(Ar), A^°°(w) has absolutely continuous norm if and only if X is a finite 
union of atoms. 
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Proof. If X is a finite union of atoms the proof is trivial. Hence, we shall 
assume that this is not the case and we consider two possibilities: 

(i) If X is nonatomic, since the function W~^^p is decreasing and contin- 
uous in R"*", there exists a measurable function / > in X such that f*{t) = 
W-^/P{t), < t < ij{X). Therefore ||/||ap>-(«,) = snptW^/P{t)f*{t) = 1 and 
/ G AP'°°{w). The sets En = X{f>n}, n = 1,2, . . . form a decreasing sequence 
with xe„ a.e. and, however, ||/X£;„ I|ap.°° = 1 for every n, since 



<t < oo. 



Hence, / does not have an absolutely continuous norm. 

(ii) If X = UJ^Lo -^n with Xn an atom of measure 6 > and X„ fl Xm = 
0, n ^ m, the function 

oo 

f = J2w-'/^{{n + l)b)xx„ 

n=0 

is in Ax°°{w) and has norm 1. The sets Ejy = \J^=n -^n, N = 1,2,... form 
a decreasing sequence with xe„ a.e. and, for each X, 

ifXE^Tinb) = W^-Vf ((n + X + 1)6), n = 0, 1, 2, . . . 

Using that /* is constant on every interval [nb, {n + l)b) and Theorem |2.2.1tj| , 
we obtain 

WfXEj^r^o. = snpW'/P{t){fxE^r{t) 

= sup W^/P{nb)W-^/P{{n + N)b) 

n>l 

> {W{Nb)W-\2Nb)y^'' 

> C'^/P. 

Then, limAr ||/X-e;jvIIap'°° ^ ^x°°{''^) does not have absolutely continuous 
norm. □ 

Definition 2.3.7 

L-(X) = {/ G L-(X) : ^ 0}) < oo}. 

We can now state a positive partial result for the spaces A^'°°. 

Proposition 2.3.8 If < p < oo and W G A2(X), every function in 
L^{X) has absolutely continuous norm in A^°°(w). 



34 



CHAPTER 2. LORENTZ SPACES 



Proof. If / e L^, let y = {/ ^ 0} C X. Then, if is a sequence 

of measurable sets with xa^ a.e., the functions are zero in 

the complement of Y and limn f{x)xA„{x) = a.e. x E Y. Since Y has 
finite measure, it follows from Egorov's theorem, that the convergence of the 
previous functions is quasi-uniform. Thus, since e > 0, there exists a set 
Y^ G Y of measure less than e and such that fxA„ uniformly in X \ Y^. 
Therefore, there exists no € N such that 

Let n > fiQ. Then: 
(i) ift> ll/lloo, 



(ii) ife<t< ll/lloo, 

tW'H>^f^,M < tW'/^{^^{Y,)) < \\f\\^W'/^{e), 

(iii) if < t < e, 

and by Proposition |2.2.5| (iii) we get that 

||/XaJIa.^^(^) < max{||/|Ul^i/^'(e),el^i/n/i(F))}, n > no, 
that is, 

hmsup ||/XaJIa.^^(^) < max{||/|UW^^/ne),eH^VP(^(y))}. 

Since this inequality holds for every e > and lim^^o = 0, we conclude 
that 

lim||/XAjlA^-(^) = 0. □ 



2.3.2 Density of the simple functions and L°° 

Let us now study the density of the simple functions and also of in the 
quasi-normed Lorentz spaces. This question is solved in a positive way for 
the spaces (except when /i(X) = cxd, w G L^). The behavior of the 
density in the spaces A^''°° is more irregular. It is not true here that the 
simple functions are dense and, in fact, not even L°° is always dense in AP'°°. 
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Definition 2.3.9 Let us denote hj S = S{X) the class of simple functions 
in X. That is 

S = {f e M{X) : card(/(X)) < oo}. 
Sq will be the simple functions with support in a set of finite measure: 

So = SoiX) = {feS: ^ 0}) < oo}. 

It is clear that Sq C C A for every Lorentz space A. 
Lemma 2.3.10 If f & M.{X) there exists a sequence C S satisfying 
(i) lim„ Sn{x) = f{x), X eX, 

(a) is an increasing sequence and \sn{x)\ < for every 

X e X, 

\f-Sn\ < I/I, neN. 

Moreover, if f is bounded then Sn ^ f uniformly. In particular S is dense 
in L°°. 

Theorem 2.3.11 If A{w) is a quasi-normed Lorentz space, 

SoCL^C A{w) 
and So is dense in L"^ with the topology of A. If w ^ L} , 

S CL^ C A{w) 

and S is dense in L°° but, in this case, is not dense in L°°, if fi{X) = oo 
(always with the topology of A). 

Proof. The embeddings are trivial. On the other hand, if / G and 
E = {f ^ 0}, /u(-E) < oo and if C 5 is the sequence of the previous 

lemma, since |s„| < |/|, these functions have also support in E and C 
So- Besides ||/ — s„||loo ^ and thus, 

11/ - S„||a < 1111/ - SuHl^oXeWa = 11/ - ■SnllL-IIXElU ^ 0. 

This proves that Sq is dense in L'^. If w G L^, L°° C A and this embedding is 
continuous (Theorem |2. 3. 1| ). Since 5 is dense in {L°°, |H|loo) (Lemma ^.3.101 ), 



we have that S is dense in L°° with the topology of A. In this case 1 G L°° C A 
and a g E L'^, |(7 — 1| = 1 in a set of infinite measure if /x(X) = oo. Thus, 
(1 — g)* > 1 and ||1 — g\\A > C*A > 0. Therefore, 1 cannot be a limit in A of 
functions in L[f and this set is not dense in L°°. □ 
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Theorem 2.3.12 Let < p < oo and W e A2(X). Then, 
(i) if w ^ L^, L'j^ is dense in A^(w), 

(a) if w & L^, L°° is dense in A^{w). But, in this case, L'^{X) is not 
dense in A^(iu), if fi{X) = oo. 

Proof. Let us see that L°° in the case w ^ L^) is dense in A''. 
If / G A^, Proposition ^.2.51 teUs us that limt^oo ^f{t) = 0. If for each 
= 1, 2, . . . we define = /X{|/|<n}, since = /X{|/|>n}, then (f-fn)* = 

■^*^[o\f{n)) have that lim„(/ — fn)*it) = 0, t > 0. On the other 

hand (/ — /„)* < /* and by the dominated convergence theorem, we get 
II/— /^IIap 0. This proves that L°°nAP is dense in A^. liw E L^, the first of 
these spaces is L°° and we are done. U w ^ we only have to see that every 
function in L°°nAP is limit (in A^) of functions in L^. But iig E L°°nAP and 
w ^ L^, limt^oo g*it) = and the functions gn = gX{\g\>g'in)} e L'^, n = 
1, 2, . . . , satisfy {g—Qn)* < g*{n) — > and since {g—gn)* < g*, the dominated 
convergence theorem shows that \\g — gn\\Ap ^ 0. 

It only remains to see that is not dense in A^{w) if w E and 
fi{X) = oo. But, in this case, we know by Theorem |2.3.11| , that Lj^ is not 
dense in and, hence, it can neither be dense in A^ D □ 

In the weak-type case we have the following result of density. 

Theorem 2.3.13 IfX is a resonant measure space, < p < oo and A^^ {w) 
is a quasi-normed space, 

(i) is dense in AP'°° fl if and only if < oo and then they 

coincide (the density is considered with respect to the topology of A^'°°). 

(a) A^'°° n L°° is dense in A^'°° if and only if X is atomic and then they 
coincide. 

Hence, in both cases, if these two spaces do not coincide, the smaller one is 
not dense in the other. 

Proof, (i) If /u(X) < oo both spaces coincide and there is nothing to 
prove. If = oo and X is not atomic, we can take / E L°° fl A^'°° with 

If g E L'^ and E = {g = 0} then b = /i(X \ < oo and 

if-gnt) > iif~g)xEnt) = UxETit) > rib+t) = w-'/^it+b), t > 1, 



M.J. Carro, J. A. Raposo, and J. Soria 



37 



and we have that, 

11/ - ,iu.. = sup w'/^mf - sm > sup 

li w E the above supremum is 1 and, in the opposite case, since W G 
A2, W{t + b) < C{W{t) + W{b)) (cf. Theorem PXTBI and Proposition pxg) 



we obtain that ||/ — S'Hap''^ > C~^^^ and / cannot be the hmit of functions 
in L'^. This shows that is not dense in fl AP'°° in the nonatomic case. 
If = 00 and X is an atomic resonant measure space, X = U^o"^" 

with every X„ an atom of measure b > and X„ fl Xm = 0, n ^ m, and the 
function 

00 

f = Y^W-'/nin+l)b)xx„ 

n=0 

is in A^°°{w) fl L°° and has norm 1. li g E L^, then its support has finite 
measure (a finite union X^ U . . • UX^^. of atoms) and there exists iV e N such 
that g = Om [jn=N ^n- Hence, {f - g)*{nb) > f*{{n + N)b) = W-^/P{{n + 
N + 1)6), n = 0, 1, 2, . . . , proceeding as in the proof of Theorem |2.3.6| we can 



conclude that ||/ — g\\AP'°^ > C > 0. Thus, / is not the hmit of functions in 
L'^ and consequently this set is not dense in A^'°° fl L°° and (i) is proved. 

(ii) As before, if X is atomic both spaces coincide and there is nothing to 
be proved. If X is nonatomic, there exists < / e /A{X) with /* = W'^l"^ 
in [0,/i(X)). Thus, ||/||ap,oo = 1 and / G AP'°° \ L~. If ^ G L°°(X) with 
\\gU = b, then \f - g\ > \f\ - b and, hence, (/ - (?)*(t) > /*(t) - b = 
W"^^P{t) - 6 if < t < Xf{b) = to. Therefore, 

\\f-g\\j,,^^=snpW'/Pit)if-gnt)> sup (1 - bW'/^it)) = 1, 

t 0<t<to 

since to = A/(6) > 0. We conclude that / is not the limit in A^'°° of functions 
in L°°{X). This proves that L°° fl A*''°° is not dense in A^'°° in this case. □ 



2.4 Duality 

In this section (X, /i) will be a a-finite measure space. d{Q,p) and its weak 
version d°°{Q,p) will be the Lorentz spaces on N* introduced in Exam- 
ple p.2.3| (iv). Here Q = (fin)$?Lo is a sequence of positive numbers 7^ 0. 

We shall study the dual spaces and the associate spaces of the Lorentz 
spaces on X with special attention to the case when X is a resonant measure 
space (Definition p. 2. 15 ). We shall describe the associate space and we shall 



deduce a necessary and sufficient condition to have that the dual and the 
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associate spaces coincide. In some cases, we shall also give a description of 
the Banach envelope of A, which is of interest if this space is not a normed 
space. In our study, we include the sequence Lorentz spaces d{Q,p) with 
O arbitrary. As far as we know, only the Banach case has been previously 
studied (that is, the case fl decreasing). 

We shall introduce the associate space generalizing the definition that can 



be found in ||BS|| in the context of Banach function spaces. 



Definition 2.4.1 If || ■ || : Ai{X) [0, cxo] is a positively homogeneous 
functional and E = {f E M.{X) : ||/|| < oo}, we define the associate 



■ norm 



\e' = sup I ^ \f{x)g{x)\dfi{x) : ||^|| <1, geE^ f e M{X). 
The associate space of E is then E' = {f E M.{X) : < oo}. 



Remark 2.4.2 The following properties are immediate: 

(i) II ■ 11^;/ is subadditive and positively homogeneous and, if E contains 
the characteristic functions of sets of finite measure, {E', \\ ■ \\e') is a normed 
space. 

(ii) If (E, II ■ II) is a lattice (||/|| < \\g\\, if |/| < |^|) then E' is also a 
lattice. If II • II has the Fatou property, the same happens to || • \\e'- 

(iii) If we denote by E" = {E')' we have that E C and ||/|U" < ||/|| 
for every / G M{X). 



Definition 2.4.3 A Banach function space (BFS) in X is a subspace of 
M.{X) defined by ii^ = {/ : ||/|| < oo} where || • || = || ■ H^; is a norm 
(called "Banach function norm") that satisfies the following properties, for 
fy 9, fn ^ E, A <Z X measurable (see |[BS||): 



<\\9\\ if|/l<l^?l, 

(ii) 0</„</„+i^/^||/„||^ 11/11, 

(iii) xa^ E if /i(A) < oo and E {0}, 

(iv) / \ f{x)\df,{x)<CA\\f\\ if KA)<oo. 

J A 

The result that follows establishes that the associate space A^ of a quasi- 
normed Lorentz space is a Banach function space whenever X is a resonant 
measure space. 
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Theorem 2.4.4 If Ax is a quasi-normed Lorentz space on a resonant mea- 
sure space X, the associate space is a rearrangement invariant Banach 
function space. For every f G A'-^, 

= snp r{t)g*{t)dt : \\gh, < l|. (2.4) 



Moreover, a function f G M.{X) is in if and only if / \f(x)g{x)\ dfi{x) < 
oo for every g G Ax and A'x 7^ {0} if and only if Ax C L]^XX). 

Proof. Let us first prove ( |2.4| ). If f,g G A4{X), we have that 

/•oo 

\f{x)g{x) \ d^{x) < / f*i't)g*{t) dt and thus, 



X 



Ax 



< snp f*{t)g*{t)dt : ||^?||a, < l}. 



To prove the other inequahty, we observe that for g G Ax, with ||5'||a^ < 1 
we have, since X is resonant, 

f*it)g*{t)dt = sup / \fix)h{x)\di,ix) 

h*=g* JX 



< sup / \f{x)h{x)\d^i{x) = \\j\\A> 



Hence, the functional || ■ ||a^ is rearrangement invariant. 

Let us now prove that / G A^ if and only if / \f{x)g{x)\dii{x) < 00 

for every g G Ax- The necessity is a consequence of the definition of A^. 
The sufficiency follows from the closed graph theorem (see ||Ru|] ) since under 
the hypothesis, the linear operator Tf{g) = fg, Tf : Ax — > L^{X) is well 
defined and both are F-spaces continuously embedded in Ai{X) (from which 
one can immediately see that the graph is closed). Tf is then continuous and 

this proves (Theorem |2.3.1| (v)) that / \f{x)g{x) \ dfi{x) < CII^^IIax and thus 

J X 



f^A\ 



X- 



Let us now see that A^ is a Banach function space. That || ■ ||a^ is a norm 
is immediate. Properties (i) and (ii) in the definition of BFS (Definition 2.4.3 ) 
are also trivial. Property (iv) of that definition is also very easy, since if 
IJ,{A) < 00 and / G A^, 

\f{x)\dn{x) < ||xa||a;,||/||a^- 

It only remains to prove (iii). That is that xa ^ A^ if fi{A) < 00 and 
A^ 7^ {0}. In the atomic case it is trivial and if X is not atomic we have 
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that, if 7^ / e there exists t > such that, if £■ = {|/| > t}, then 
Ijl{E) > 0. Hence, txE < \ f\ and xe ^ ^'x- That is, if ^ {0} there exists 
Xe £ A^ with b = fi{E) > 0. Since || ■ ||a^ is rearrangement invariant and 
monotone, we have that xa G A' for every measurable set A with ij^{A) < b. 
If oo > n{A) > 6, the above is also true since A — Un=i ^ith n{An) < b 
and IIxaIIa^ < En IIxa„||a'^ < oo. 

It only remains to prove that A^ ^ {0} if and only if Ax C Ll^^(X). 
The necessity is immediate since A^ ^ {0} and fJ^{A) < oo then we have 

already seen that xa £ A^ and, in particular / |/(x)| < oo, / G A^- 

J A 

On the other hand if Ax C Ll^^[X) and < n{A) < oo we have that 
J \f{^)XA{x) \ dfj,{x) < oo for every / e Ax and that implies xa G A^ and 

a1^{o}. □ 

Remcirk 2.4.5 If in the previous theorem, we omit the condition that X is 
a resonant measure space we can still prove that A^ is a Banach space with 
monotone norm and with the Fatou property. The convergence in A^ implies 
the convergence in measure on sets of finite measure (same for the Cauchy 

sequences) and it .s also true that / e if and only if / < 

OO for every g G Ax. The last statement of the theorem is not true (in 
general) in this case. 

The result that follows describes the associate space of Ax in the case X 
nonatomic. But first, we need to define the Lorentz space F. 

Definition 2.4.6 If < p < oo we define 

Fx(^) = {/ e M{X) : ll/llr. = ( J^^{r{t)yw{t) < oo }. 

The weak- type version of the previous space is 

^TH = {/ e M{X) : ll/llr^^-H = snpW'/^{t)r{t) < oo }. 

The last definition can be extended in the following way. If $ is an arbitrary 
function in M"^ we write 

rr(d$) = {/ e M{X) : ||/||r--(.^) = sup$i/^(t)/**(t) < oo }. 
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We can always assume that the function $ in the previous definition is 
increasing since otherwise it can be substituted by = supo<5<t "^(-s), t > 
0, which is increasing and satisfies ||/i|r^°=(d#) = ll/llrP'°°(d5)- 

Condition (ii) of the following result is a direct consequence of Sawyer's 



formula stated in Theorem |1.3.5| while (i) was proved in ||CS2|| . 



Theorem 2.4.7 Let X be a nonatomic measure space and let w be an arbi- 
trary weight in IR+. 

(i) IfO<p< 1, then 

A^(ti;)' = r^°°(d$) (with equal norms), 
where <l>(t) = tW-^^P{t), t > 0. 

(ii) If I <p < oo and f E M{X), then 

/ roc / -[ rt \p' \l/p' / f*(t)dt 

ii^ii-.-'' (i +1?^ 

/ /-oo / 1 ft \ p'-l \ 1/p' 

(Hi) If < p < oo, then 

APf°{wy = A\W-^^P) (with equal norms). 

Proof. Since X is nonatomic and cr-finite, every decreasing function in 
[0, fi{X)) equals a.e. to the decreasing rearrangement of a function in A4{X). 
Besides, X is resonant and hence, 

\f{x)g{x)\dfi{x) / g{t)f*{t)dt 
llillA-M'= sup = sup^^^^^^ . 

The first case (i) is solved applying Corollary |1.2.12| (with pi = 1, T = Id) to 
the regular class L = or Theorem 2.12 in ||CS1|] . The second case 

(ii) is an immediate consequence of Theorem |1.3.5| (E. Sawyer). Finally, (iii) 
corresponds to g = cxd and we have that. 



A^°°(to)' — sup 



r r{t)g{t)dt : \\g\\Lv,Aw) = l, g 
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Now, if g I, ||5'||lp,oo(^) = suptW^/P{t)g(t) and \\g\\LP-^{w) = 1 implies g < 
W~^^^, and therefore 

ii/iIa.^-h' < / nm^'^^it) dt = uh^^^^^^.y 

•J 

On the other hand W~^^^ is decreasing, ||W^~"'^^-''||^p,oo(w) = 1 and we have 
the equality. □ 



Remark 2.4.8 (i) If p > 1 and w{t) = tP'W-P' {t)w{t), t > 0, then (ii) of 
the previous theorem can be stated of the following way: 

A^H' = r^(*), if w^L\ 

AP^(w)' = Ti{w)nL\X), ifwEL'. 

It is assumed that the norm in the intersection space is the maximum of the 
sum of both norms and in these equalities we are assuming the equivalence 
of the norms. 

(ii) If w ^ L^, p > 1 and w (as above defined) is in Bpi, the Hardy 
operator A satisfies the boundedness A : L^^^{w) L^' (w) and then. 



It is easy to see that this condition on the weight w is equivalent to 

{J^ {^^) " ^(t)dtY'' W^/P{r)>Cr, r > 0, (2.5) 

which is the opposite inequality to the condition w G -Bp,oo = Bp (Theo- 
rem 



1.3.3|) . Since one of the embedding always holds, it follows that condition 



275| ) is necessary and sufficient (in the case w ^ L}) to have the identity 

K\{w)' = A^(w) (with equivalent norms). 

(iii) If 1 < p < oo the space A^(ti?^~*'') is embedded in k\{w)' since, by 
Holder's inequality, 

\f{x)g{x)\dii{x) < / {r{t)w'IP{t)){g*it)w'"'it))dt 
X Jo 

< \\f\\APiw)\\g\\Ap\w^-p')- 

If w is as before, we have that 

Aiiw'-^') C A^(u;)' C T%{w) C Aiiw). (2.6) 
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(iv) The comments made after Definition |2.4.6| tell us that, for every 
< p < 1, 

A^(w)' = r^°°(d<l>p) (with equal norms), 
where = supg^^^j 

t > 0. Note that 
^ / N t t t 



info<.<t '-Wyp{s) inf ,>o max (1, ^jW^Pis) Wpit) ' 

where Wp{t) = infs>o max (1, t > 0. It is easy to check that 

this function is quasi-concave ( ||BS|| ). In fact, it is the biggest quasi-concave 
function majorized by W^^p and consequently it is called the greatest concave 
minorant of W^^p (see [|CPSS|] ). Hence, we can write. 



A5,(«,)' = sup 



At) Jo 



As a first consequence of Theorem |2.4.7 we obtain the characterization of 
the weights w for which A'{w) = {0}. 

Theorem 2.4.9 If X is nonatomic: 

(i) IfO<p< 1, (A^xiw))' ^ {0} ^ supo<t<i < oo. 

(u) // 1< p < oo, (APAw))' + {0} ^ (ll^)' ' < ^• 

i^n) IfO<p<cx>, (ATH)' ^ {0} ^ rft < oo. 

Proof. Since A' is a BPS, it is not identically zero if and only if it contains 
the functions xe with fi{E) < oo, that is if and only if HxslU' < oo, fi{E) < 



oo. The conditions are then obtained applying Theorem |2.4.7| . □ 



Remark 2.4.10 Since W is continuous in M+, the condition of the previous 
theorem only depends on the local behavior of if at 0. 

Definition 2.4.11 A weight w in M"*" is called regular (see ||Re|| ) if it satisfies 

with C > independent of t. A sequence of positive numbers {^n)'^=o is 
said, analogously, to be regular if 

-^J2^k<Cn^, n = 0,l,2,... 
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Every increasing sequence and every power sequence are regular. In 
it is proved that if w is regular and decreasing, the spaces Ax{w^~'^') and 
A^(w)' coincide. In the following result, we extend this to the case of an 
arbitrary weight w. 

Theorem 2.4.12 Let 1 < p < oo and X he nonatomic. Then: 

(i) If w ^ L\ Ax{w)' = Ax{w^~^') if and only if there exists C > such 
that, for r > 0, 



r 



i^-p\t)dt < c(^rP'W^~P'{r) + J\'''W~P'{t)w{t)dty (2.7) 
(a) If w is regular, 

Ai{w'-^') = A\{w)' = T%{w) = Ai{w), 

where w{t) = tP'W^f'{t)w{t), t > 0. 

(Hi) If w is increasing, A^{wy = A^(w^~^') with equality of norms. 

Proof, (i) We have observed in Remark p.4.8| that we always have 
Ax{w^^^') C Ax{w)' = Tx{w). Thus, the equality of these two spaces is 
equivalent to the embedding 

ri(*) c Aiiw'-^'), 

which is also equivalent to the opposite inequality for the Hardy operator, 

\\9\\lp'{w^-p') < 9 i • 

A necessary and sufficient condition for it can be found in ||CPSS|| or in |[Nel |. 
This condition is 

J\'-P\t)dt < c(w{r)+rP' J^" t-P'wit) dt^, 

which is (O), since W{r) = t^'W-^' {t)w{t) dt, and 

Jo 

/•OO roo 1 

rP' / t-P'w{t) dt = rP' / W-P'{t)w{t) dt = rP'W^-P'{r). 

Jr Jr p' — 1 

(ii) If w is regular we have that 

w'-P'it) = w{t)w-P'{t) < Cwity'W-P'it) = Cw{t). 
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Hence, Ap'{w) C Ap'{w^-p') and by Remark (iii), we conclude the equal- 
ity of the four spaces in the statement. 

(iii) If / G A^(X) and w is increasing, the function = {f*w^^Y is 
decreasing in R"*" and we have that 



nt)g{t)dt 

AP(^)' = SUpy-^^ ^ 

g^{t)w{t) dt 



9i 



nt)go{t)dt 

17^ = Hi IIap'(«)1-p')- 
gl{t)w{t) dt ' 



> 



Since the opposite inequality is always true (Remark p.4.8| (iii)), we get the 
result. □ 

The following result describes the biassociate space of in the case 
p < 1. See also [ pPSSj . 

Theorem 2.4.13 Let X be nonatomic and let w be a weight in . Let 
< p < I and Wp the greatest concave minorant of W^^^ (Remark \2.4-S 
(iv)). Then there exists a decreasing weight w.p with \Wp < Wp < Wp and 
such that A^(w)" = A\(wp). Moreover, 



1 

2'' "'^x^''"p> — " '"^'x 



A]^{u,p) < II ■ IIa^H" < II ■ U],{wp)- 



Proof. Let us note that ||5'||ap(io)' = sup^^Q ^/^(t) / g*{s)ds (see 
Theorem |2.4.7D and this norm is less than or equal to 1, if and only if 

/ 9*{s)ds < W^/P{t), t > 0. By Lemma and Proposition gX5| , we 
Jo 

obtain, for / G M{X), 

AP(^)// = supj^ f*{t)g*{t)dt : \\g\\AP(^^y 

= sup I f*it)w{t) dt ■ w [, w{s) ds < W^/P{t), \/t > o| 



sup I W{Xf{t)) dt : W e t|. 



where T = {W : w I, W < W^^^}. Every function in T is quasi-concave 
and it is majorized by W^/^. Hence, W < Wp for every W G T. On the 
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other hand Wp is quasi-concave and there exists a concave function Wp{t) = 
/ Wp{s) ds, t > 0, with ^Wp < Wp < Wp (see |[BS|| ). In particular Wp | and 





iVTp e T. It follows that 



^II/IIa3,(^.) = /f^W^p(A/(t))rft< 11/11 w 



< / Wp{Xf{t))dt=\\f\\^.^^^^y □ 



It is convenient now to recall the definition of the discrete Hardy operator 
Aa that has already appeared in ( |1.3| ). This operator acts on sequences 

/ = by 



^df('') = ;;^T.fik), n = 0,l,2, 



fc=0 



We can also describe the associate space when X is resonant totally atomic. 
If fi{X) < oo, A^x'^{w) = L°°{X) (with equivalent norms) and in this case 
it is not of interest. If n{X) = oo there are only, up to isomorphisms, two 
spaces: d{Q,p) and d°°{fl,p) (Example |2.2.3| (iv)) and the most interesting 



case is when Q ^ i^. Up to now, the space d{Q,py had been identified only 



in some special cases. In it is solved for p > 1 with fl decreasing and 
regular. In [|Fo|| and ||N0|| the case < p < 1 and i is studied, while in 
AEP|| the associate is described under the condition Q | unbounded (this 
seems to be the unique reference where the sequence Q is not decreasing). 
Here, we shall identify these spaces in the most general case: 

Theorem 2.4.14 Let W^ = E'Lo^k, n = 0, 1,2, . . . Then, for every f = 
ifin))Zo C C, 

(^) IfO<p<l, 

n 

\\fUn,pY=snpW-'/^J2nk). 

n>0 jt=0 

(ii) If 1 < p < oo and Q ^ , 

Ci\\fUn,py < E iAJ*in)r < C^WfW 

with f2o = Wq-p\ = {n + ly' {W^Zf' - W^-p'), n > 1, and the 
constants Ci and C2 depending only on p. 
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(in) If < p < oo, 

oo 
n=0 



Proof. By definition 



\\f\\d{n,py = sup " = sup' , 

9 \\9\\d{n,p) gl ^ ^'/P 



Then (i) can be directly deduced applying the first part of Theorem |1.3.6 



Applying the second expression of the same theorem in (ii), we obtain, for 



d{n,py ~ 



where, V = En=0 f*i^)Xln,n+l), W = E^=0^nX[n,n+l), V (t) = f v{s) ds, 

t 

W{t) = / w{s) ds, t > 0. Being /* decreasing we have, for n > 1 and 
Jo 

t E [n, n + 1), 

l(r(o) + . . . + rH) < v{t) < (no) + ... + rn). 

On the other hand 



rn+i wit) 
Jn WP{t) Jo 



— C 

p'-l ^(n + l)P' 



Hence, 



V' 

d{n,py 



Jo \W{t)J ^ ' i^jJn \W{t)/ ^ ' 

OO ^ n ^ ) 

n=l ^ k=0 ^ 



(n + 



n=0 
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It only remains to prove (iii). Note that 

= snp\Y,f*in)9*in):\\g\\d^(n,p)<l\ 

^ n=0 ^ 
,00 

= sup ^ nn)g*{n) : g*{k) < W^^l\ Vfc > , 

n=0 ^ 

and this supremum is attained at the sequence W~^^^ = (W^^^/^)^. Hence, 



00 



n=0 



Remark 2.4.15 (i) Both d{Q,p) and d°°{Q,p) are continuously embedded 
in and, thus, f C d{Q,py (and also f C d°°{Q,py) for < p < 00. In 
particular, the associate space of these spaces is never trivial. 

(ii) The argument used in Remark |2.4.8| (iii) is also useful here and, for 



1 < p < 00, 

d{n^-p\p') c d{n,py, 

and \\f\\d{n,py < ||/L(ni-p'y) ev ery seq uence /. If t we can use th e 
argument in the proof of Theorem p.4.12| (iii) and conclude (as in |[AEP|] ) 
that the two previous spaces (and their norms) are equal. 

In Allen proves, in the case ni, p>i, that d{n,py = d{n^-p\p') if 

O is regular. The following theorem extends this result to the general case. 

Theorem 2.4.16 Let 1 < p < 00 and n ^ e\ Then d{n,py = d{9}-P\p') 
if and only if 

n n 

E ^V' < ^ E {Adn{k)f~p\ n = 0, 1, 2, . . . 

fc=0 fc=0 

In particular d{Vl,py = d{Q}~P\p') if Vl is regular. 



Proof. The equality of the two spaces is equivalent (see Remark p.4.15|) 



to the embedding d{Vl,py C d{Vl^ P\p') that, by Theorem |2.4.14| (ii), holds 
if and only if the inequality 

00 V 1/p' , CO \ 1/p' 

T.9(^y^n'') < C E {Adg{n)fnA (2.8) 

n=0 ^ ^ ?i=0 ^ 
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holds for every positive and decreasing sequence g = {g{n))^. Here Q is the 
sequence defined by ^Iq = fig"^ , 

E^O - E^fc > n = l,2,3,... 



The class of positive and decreasing sequences is regular (Definition |1.2.1| ) 



in N* and we can use Theorem |1.2.18| with To = Ad (which is order contin- 



uous, linear and positive) to characterize ( |2.8| ). The condition is obtained 
"applying" the inequality to the sequences (1, 1, ... , 1, 0, 0, . . .) (decreasing 
characteristic functions in N*) and it is equivalent to 



■ft IL 

k=l 

oo 



k=0 k=l 



k=n+l 



n = 1, 2, . . ., with Wk = J2^=o ^j- The second term is equivalent, for n > 1, 
to the expression 

n 

^^o-^' + E(fc+ir'(w^.-f-w^r^') + (n+irv^-' ^ e 



k=l k=0 



E 

k=0 



k+l 



And the condition of the theorem is obtained. 

The second assert is immediate, since every regular weight trivially sat- 
isfies the given condition. □ 



In [ |N(J|| , M. Nawrocki and A. Ortyhski prove, for the case f2 decreasing. 



that the associate of d{^l, p), p < 1, is if the condition J2k=o ^fc — ^(^^+1)^ 
holds. We now extend this result proving that this condition also works for 
the general case. Moreover, this condition is also necessary. 

Theorem 2.4.17 Let < p < 1. Then diVt.p)' C and these two spaces 
are equal, if and only if there exists C > such that 

n 

Y,nk>C{n + iy\ n = 0,l,2,... 

fc=0 
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Proof. By Theorem \2.A.1A\ (i), we have that, with Wn = J2k=o^k, 



Therefore, C 

If the inequahty of the theorem holds, 

" 77-1-1 
k=0 Wn 

for all n = 0,1,2,... Hence, \\fUn,p)' = sup, ly-i/^' ELo /* W < 
C-^'P\\f\\ioo and we have that = 

Conversely, if C d{VL,p)\ then 1 G d{Q,py and sup, ^±7^ = 
= C < 00, which implies the result. □ 

The following result describes the biassociate of d{Q,p) in the case p < 1 
in an analogous way as we did in the nonatomic case (Theorem |2.4.13|) . We 
omit here the proof. 

Theorem 2.4.18 Let < p < 1 and let us denote by Wn = Z]fc=o^A:, n = 
0, 1, 2, . . . Then there exists a decreasing sequence Q = {^n)n satisfying 

- y fifc < inf max 1, —^)w}Jp < V fi^, 

and such that d{Q,p)" = d{Q, 1) with equivalent norms. More precisely, 
1 

' — II ' ll«'(f^'P)" — II ■ ll(i(n,i) • 

Let us study now the topologic dual and its connection with the associate 
space. 

Definition 2.4.19 If {E, || • ||) is a quasi-normed space, we define the dual 
E* in the usual way: 

E* = {u : E ^ C : u linear and continuous}. 

\i u e E* we denote by = \\u\\e* = sup{|m(/)| : ||/|| < 1, f e E} e 
[0,00). 
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The dual E* of a quasi-normed space {E, || ■ H^;) is a Banach space. If E* 
separates points, every f & E can be identified with the hnear and continuous 
form f : E* ^ C such that f{u) = u{f), u G E* . We have then a continuous 
injection, 

II • 11^;) ^ {E**, II ■ \\e"), 
and the constant of this embedding is less than or equal to 1 since, for f ^ E, 

ll/IU" = ll/ll(i.M|.||..)* = sup ^ < \\f\\E. 

u&E* \\U\\e* 

The Mackey topology in E associated to the dual pair {E, E*), is defined 
as having as a local basis the convex envelope of the balls in E (see [ |Ko|| ) . It 
is the finest locally convex topology in E having E* as its topological dual. 
The completion E with this topology is called Mackey completion or also 
Banach envelope of E. In a quasi-normed space whose dual separates points, 
this topology corresponds to the one induced in E by {E**, \\ ■ \\e**) and the 
Mackey completion is then the closure of E in [E**, \\ ■ \\e**)- 

In our case E = A is a quasi-normed Lorentz space. If / G A' the 
application : A — > C such that Uf{g) = / f{x)g{x)dfi{x) is obviously 

linear and continuous with norm equal to ||/||a'. Thus, A' is isometrically 
isomorphic to a subspace of A* and, in fact, we shall identify the functions 
of A' as linear and continuous forms in A: 

A' c A*. 

On the other hand, A is continuously embedded in (A", || • ||a") (Remark p. 4. 2| ), 
and therefore (if A* separates points) we are working with three independent 
topologies in A and two embeddings with constant 1: 

(A,||-|U) ^ (A*M|.||a.O, 
(A,||-||a) ^ (A",||-||a.). 



Proposition 2.4.20 If A is a quasi-normed Lorentz space whose dual sepa- 
rates points, 

(A, II ■ IIa) ^ (A, II • IIa") ^ (A, II ■ IIa"), 

and II/IIa" < ||/||a** < ||/||a, / e A. If in addition, A' = A*, then A" is 
isometrically identified with a subspace of A** . In particular, ||/||a" = II/IIa**, 
for every / G A, m this case. 
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Proof. If / G A, then / G A** and 



^ II .|| l^(/)l ^ / Ifgl 

> II /II A" = sup -—r— > sup ^—7— 

ueA* \\u\\a* geA' \\9\\A' 



If A' = A*, every continuous and linear form m G A* is of the form 
u{f) = u,{f) = / mg{x)d^.^x) with g e A', Also, to every function 

f G A" we can associate the linear form f : A' = A* — > C defined by 
= and with norn, 



l/K)l Ilfgl ,1,1, 

sup rf— = sup -r—r— = ||/||a". □ 

Ug£A* ll^gllA* geA' \\g\\A' 



We shall now study, among other, the two following questions: (i) To 
characterize the weights w for which A{wy = {0}. (ii) When is A' = A*? As 
in the case of the Lebesgue space L^, Radon-Nikodym theorem is the key for 
the following result. 

Proposition 2.4.21 Let A be a quasi-normed Lorentz space on X. If u ^ 
A*, there exists a unique function g & A' with WqWa' < ||^^||; satisfying 



u{f) = / f{x)g{x)d^l{x), f eL^ 

X 



Proof. Let us first assume that fi{X) < oo (in this case S C C A). 
For every ii^ C X let 

a{E) = u{xe) G C. 

Then a is a complex measure in X (the fact that it is cr-additive is a con- 
sequence of the fact that fJ,{X) < oo), absolutely continuous with respect to 
the cr-finite measure fi of X, since ^{E) = implies ||X-b||a = and thus 
'^^(X-b) = 0. By Radon-Nikodym theorem, there exists a function g G L^{X) 

so that aiE) = f ,(x) d.^x) for every measurable set EcX.ln particular 

JE 

(since u is linear) u(f) = / f(x)g(x) dfi(x) for / G 5 C A. This also holds 

Jx 

if / G L°°{X) C A since there exists a sequence {sn)n C 5 C A converging 
to / in A and also uniformly (see the proof of Theorem p.3.11|) . 



If fi{X) = oo, the previous argument is true in any subset F C X of finite 
measure: we define a complex measure ay in Y and we obtain the existence 

of a function gy G L^(Y) with u(f) = / f(x)g(x)d^(x) for every / G 

Jx 
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L°°{X) supported in Y. If 11,1^2 are two sets of finite measure, necessarily 
/ gYi{x) dijL{x) — / gY2{x) diJi,{x) for every measurable set £^ C l^i nl2 and 

J E J E 

it follows that gviix) — gYii^) a.e. x e 1^ n 12- Hence, since X is cr-finite 
we can assure the existence of a function g e L}^^{X) such that u{f) — 

[ fix)g{x) dfiix) ior eyery feL^iX). 

To show that \\g\\K' < \\u\\, let a G M.{X) with \a\ — 1, ag = \g\ and let 
also {Xn)n be an increasing sequence of sets of finite measure with Un^n = 
X. If / G A, we consider /„ = l/IX||j|<„].nx„- ^^^"^ < /„ < /„+i -> |/| 
and every is bounded and with support in a set of finite measure. Then, 

/ \f{x)g{x)\dii{x) = lim / a{x)fn{x)g{x)djjL{x) 

= lim|M(a/„)| < lim||/„||A = ||m||||/||a, 

from which g & A' and \\g\\A' < \\u\\. 

Finally, the uniqueness of g is also clear, since if gi is another function with 

the same properties than g, we have that / g{x) diJi,{x) — j gi{x) diJ,{x) — 

Je Je 

u{xe) for every measurable set C X of finite measure, which implies that 

g = gi- □ 



Remark 2.4.22 If fi{X) — oo and w & L} every simple function, regardless 
of the measure of its support, is in Ax(w). We can then define, for every 
linear form m G A', 

a{E) — u{xE), -B C X measurable. 

but this set function, defined on the whole cr-algebra of X, is not cr-additive 
in general. To have this property, we need that, for every family of disjoint 
measurable sets (£^„)n, the functions Xyj'^ e ^^^^ to converge to Xyj° e^ ™ 
A. Contrary to what happens if ^x{X) < oo, this is not true in general 
in this case. For example, in Ag(x(o,i)) the sets En — {n,n + 1) give a 
counterexample. 

This explains why we need the restriction "support of finite measure" in 
the previous proposition. 



Corollary 2.4.23 If A is a quasi-norm,ed Lorentz space on X, A' = {0} if 
and only if every functional u E A* is zero on Ljf (X). In particular, if X is 
resonant, A*x separates points if and only if A'x ^ {0}. 
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Corollary 2.4.24 If A is a quasi-normed Lorentz space and / G A has ab- 
solutely continuous norm, then ||/||a" = ||/||a"- 

Proof. Since / is pointwise limit of a sequence (/„)„ in L"^ with |/„| < |/| 
and it has absolutely continuous norm, we have that / = lim„ /„ in A and, 
by continuity, (Proposition |2.4.2CI| ), we also have the convergence in A" and 



in A**. Hence, it is sufficient to prove the result assuming that / G Lj^. 



By Proposition |2.4.21| , for every u E A* there exists g E A' with \\g\\K' < 



ImIIa. and such that u{f) = Ug{f) = I f{x)g{x)dfi{x). Then, 



Hf)\ \ugif)\ \f{x)g{x)\dfi{x) 
sup ^^f^ = sup ^ ' = sup ^ — = II/IIa". □ 

«eA* II^^IIa* geA' \\Ug\\A* geA' \\9\\a' 



We can give now a representation of the dual of A^ for an arbitrary 
cr-finite measure space X. 

Theorem 2.4.25 If < p < oo and W e A2{X), 

AUwT = ^'xM' ® A'AwY , 

where 

A'^.iwY = {ue A^H* : \u{f)\ < C\im f*{t),\/f G A^H}. 

I— »oo 

This last subspace is formed by functionals that are zero on the functions 
whose support is of finite measure and it is not zero only if fi{X) = oo and 
w e L^. 

Proof. That every functional in A^(w)* is zero on functions with sup- 
port of finite measure is immediate from the definition, since for such 
a function / we have that limt^oo/*(^) = 0. This also tells us that 
A^{wy n A^(w)^ = {0} since if u = Ug is in the previous intersection we 

have that / mg(x) d^(x) = u{f ) = for every / e with support of 

Jx 

finite measure. Then it follows that / f(x)g(x) dfi(x) = for every / G A^ 

Jx 

and hence u = 0. Let us see now the decomposition A* = A' + A^. To this 
end, let u G A^iw)*. By Proposition 12. 4. 2 11, there exists q G A^iw)' such that 

the confnuous hnear furrctional / coLides with „ 

in L^. If f G A^ and Y = {f ^ 0} has finite measure, then u{f) = Ug{f) 
since u and Ug are continuous linear forms on Ay(iy) and coincide in L'^{Y), 
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which is dense in Ay(w) (Theorem ^.3. 121 ). Let u'^ = u — Ug. Then u'^ is zero 
on the functions of supported in a set of finite measure. Therefore, if / any 
function in and a = hm^^oo f*(t) and /„ = fX{\f\<a+i/n}, n = 1, 2, . . . , we 
have u'^{f) = u^{fn) for every n (since f — fn has support of finite measure). 
Thus, 

\u'{f)\ = \u^ifn)\<mfn\\A., ^ = 1, 2, . . . 

We now have two cases: (i) w ^ L^. Then a = and Ap{w) has absolutely 
continuous norm (Theorem |2.3.4| ). Since < |/| and a.e. we 

get that ll/nlUp and \u%f)\ = = a. (ii) w G L^. Then ||/„||ap < 
ll/nlloolkll}/^ < {a + l/n)\\w\\y^ and we have that \u'{f)\ < ||w||l/''a = 
Ca = C limt^oo f*(t)- In any of these two cases, there exists C G (0, +oo) 
(independent of /) such that \u'{f)\ < C \imt^^ f*{t). That is, u' G AP{wy 
and we have A* = A' © A''. 

It remains to prove that A^(iy)* ^ {0} if and only if yu(X) = oo and 
w G L^. If /i(X) < oo or if w ^ every function / G A^(w) satisfies 
limt^oo/*(^) = and therefore, for u G A'^, we get u{f) = 0, for every 
/ G AP. That is M = or equivalently A** = {0}. If fi{X) = oo and w G L^, 
the functional p{f) = limt^oo f*(t), p : A^ [0, +oo), is a seminorm: 

(0 p{Xf) = \Xp{f)\ (obvious), 

(n) p{f + g)= hm (/ + gy{t) < lim (/*(t/2) + g*it/2)) = p{f) + p{g). 

t — >oo t 

Since p(l) = 1 (the constant function 1 is in Ap{w) in this case) p is not zero 
and there exists a nonzero linear form u on A^ satisfying 

|n(/)|<p(/)= limr(t), WfeAP (2.9) 



t— >oo 



see 



Ru|| for example). In particular, u is continuous since 

II/IIa.w = (/^°°(r(t))^t^^(t)rft)'^'>M/)lkl|}^ V/, 

and it follows that \u{f)\ < p{f) < C||/||ap, for every /. Finally, (|J) tells 
us that M G A'* and hence A* ^ {0}. □ 

We shall state two immediate consequences of the last theorem that solve, 
in the case A = A^, the two questions about duality we were looking for. 

Corollary 2.4.26 Lei < p < oo andW e ^2{X). 
(i) If /i(X) < oo or w ^ L^, 



A'^{w)' = A\ 



w] 



In particular d{Q,p)* = d{Q,p)' if Q ^ and d{Q,p) is quasi-normed. 
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(a) If = oo and w E V- , 

In particular K\{w)* ^ {0} in this case. 



As a consequence of this last result, Theorems p.4.14| , |2.4.16| , |2.4.17| and 



Remark p.4.15| , remain true (in the case d{VL,p) quasi-normed, Vt ^ if we 
substitute d{Vt,p)' by d{VL,p)*. 

Corollary 2.4.27 Let X he a nonatomic measure space and let W E /S.2- 

(i) IfO<p< 1, A^(w)* = {0} if and only if the two following conditions 
hold: 

1.1) < oo or else = oo and w ^ L^, and 

1.2) sup -—— = oo. 

^ o<t<i W{t) 

(a) If 1 < p < oo, A^(w)* = {0} if and only if it holds: 

11.1) yu(Ar) < oo or else fJ,{X) = oo and w ^ L^, and 

11.2) / 777^ dt = oo. 
' Jo \W{t)J 

The spaces d{Q,p) have been studied up to now in the case fl J,. As we 
shall see, this condition asserts (if p > I) that || ■ \\d{n,p) is a norm. In the case 
Q l,p < 1 there has been interest in finding the Banach envelope of d{Q,p) 
(see for example |^| and The following theorem solves this question 



in the general case of w ^ L^. 

Theorem 2.4.28 LetO <p<l. 

(i) Let X he nonatomic and let us assume that 
(a) W e As, 

(h) w ^ or ii{X) < oo, 
(c) 

Then, there exists a decreasing weight w with 

W{t) ^ inf max(l, t/s)W^/P{s),t> 0, 

s>0 
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and such that the Mackey topology in A^(w) is the one induced by the 
norm \\ ■ \\Aj^{w)- The Banach envelope of AP{w) is h}{w) if w ^ L} , 
and it is the space 



k\w)o = {f ek\w) : limr(t) = 0} 

t — ^oo 



otherwise. 



(a) IfQ ^ and the space d{Q,p) is quasi-normed, there exists a decreasing 
sequence = such that 

n + 1 \ / ^ ^ \ i/p 

n = 0,l,2,..., 



V fifc sup max (l, ^ ) ( V ^Ik) 



and the norm \\ ■ W^^^-^-^ induces the Mackey topology in d{Q,p). If 

Q ^ the Mackey completion of d{Q,p) is d{Q,l), and this space is 
Co = co(N*) otherwise. 

Proof. By Corollary p^.4.26| the dual and the associate space of A = A^(w) 
(A = d{Q,p) in the case (ii)) coincide, and moreover A^(iy)' = A^{w)* ^ {0} 
by Theorem |2.4.9| . It follows then from Proposition p.4.20| that the Mackey 
topology in A (the topology of the bidual norm) is the one induced by the 
norm of the biassociate space, and since A" is complete, the Mackey comple- 
tion A is contained in A". By Theorem |2.4.13| (Theorem |2.4.18| in the case 



(ii)). A" = A\w) (A" = d{Q, 1) resp.). If w ^ {Q ^ f), Theorem pXT2 



tells us that A is dense in A" (since Lj^ C A) and hence A = A". If, on 
the contrary w E L^, A^{w)o is closed in A^{w) and it contains the space 
AP{w). If / G A^{w)o, the functions /„ = /X{|/|>/*(n)} have support in a set 
of finite measure and converge to / in A^{w). Each of these functions fn has 
absolutely continuous norm (Corollary [2. 3. 51 ) and thus /„ is limit in A^{w) 
of function in L^. It follows that this space is dense in A^{w)q and since 
Ljf C A'P{w), we conclude that the Banach envelope of A^lw) is A^{w)q. In 
the atomic case, f2 G £^ implies A" = d{Q, 1) = and A = cq. □ 



Remark 2.4.29 Conditions (a) and (c) in (i) of the previous theorem are 
natural, since if ^ A2 there is no topology in A'^{w) and, if condition (c) 
fails. A* = {0} (Theorem |2.4.9| ) and it does not make sense to consider the 
Mackey topology in A^^w) with "respect to the dual pair {Ap{w), Ap{w)*)" . 
The conditions on Q in (ii) are not at all restrictive, since if f2 G i^, d{Q, 1) = 
and the Mackey completion is, in this case, the same space d{fl,p) = 
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N. Popa proves in |jPo|], for the case f2 |, that the Mackey completion of 



d{n,p) (0 < p < 1) is f if and only if d{Q,p) C f. By Theorem p.4.28| we 
can extend this result to the general case. 

Corollary 2.4.30 Let < p < 1, ^ i^. Then the Banach envelope of 
d{Q,p) is if and only if d{Q,p) C i^. 

Proof. If d{n,p) C f then = (f)' C c/(fi,p)' and it follows (Theo- 
rem 12.4.171 ) that these last two spaces are equal, and hence d{fl,p)" = i^. 
Since d{Q,p)" = d{Q,l) for some sequence Q (Theorem |2.4.18|) , it follows 
that Q ^ £^ and, by the previous theorem, the Banach envelope of d{Q,p) is 

d{n,py = i\ 

The converse is immediate. □ 

Let us now study the weak-type spaces A^'°°. First we shall consider the 
nonatomic case X. 

Theorem 2.4.31 If < p < oo, W & A2 and X is nonatomic, then 
A^°^(w)' = A^°^(w)* if and only if these two spaces are zero. 

Proof. The sufficiency is obvious. To see the necessity, we only need to 
prove that A^°°(ty) 7^ A^°°(w)* if the first of these spaces is not trivial. 
But if A^°°(w)' 7^ {0}, the function W~^^'p is locally integrable in [0, 00) 



(Theorem 2.4.9 ) and we can define the seminorm 

rt 



f*{s)ds 

H{f) = limsup , / e A^''- 

/ W-^/''{s)ds 
Jo 



t~*0 



If / e A^°^(w) we have that f*{t) < \\f\\AP.o.W'^/P{t), and therefore H is 
well defined and it is continuous. Moreover, it is not zero because there exists 
/o G AP'°° with /* = W-^/P in [0,/i(X)) and hence H{fo) = 1. By Hahn- 
Banach theorem, there exists a nonzero m G A* such that !«(/)! < H{f), for 
every /. This linear form is not in A', because it is zero over all functions 



H{f) = limsup -js^ < ||/||l=o limsup -js 

s^o / w-^/Pit)dt / W'^/Pit)dt 

Jo Jo 

Thus A'TM* ^ A^°"(u^)'. □ 
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Theorem 2.4.32 Let < p < oo and d°°{Q,p) be quasi-normed. Let 
Wn = Ek=o^k, n = 0,1,... Then, if Vt ^ t and W'^'p i £\ we have 

that ^ d°°{n,py. 

Proof. The seminorm 

H{f) = limsup^P^^, / G d-{n,p), 

is continuous and nonzero, and if W~^^'^ ^ i^,it is zero on all finite sequences. 
Thus, using and analogous argument as in the previous proof, there exists 

u e d°^{n,py\d'=^{n,py. □ 

In the nonatomic cases, it remains to characterize the identity A^°°(w)* = 
{0}. We first need the following results. 

Lemma 2.4.33 Let W G As. // = oo and w G , then A^'~(«;)* ^ 
{0}. 

Proof. By hypothesis, we have that if H{f) = limj^oo /*(^), then H : 
A^''^[w) [0, oo) is a continuous seminorm in A^'°°(w) not identically zero 
(since 1 G A^'°°(t/;) and -f^(l) = 1 7^ 0). By Hahn-Banach theorem it follows 
that Ai'°°(w)* ^ {0}. □ 



Lemma 2.4.34 Let X be nonatomic and f G Ax^{w). //lim^^oo f*(t) = 
there exists F G A^°°(w) satisfying: 

(i) < a.e. xeX. 

(11) F*{t) = \\fhi.o.W-\t), 0<t< fi{X). 

Proof. We can assume ||/||ai,oo = 1- Let A = {f 0}, a = ^{A). Since 
f*(t) — >0, there exists a measure preserving transformation a : A ^ {0,a) 
such that |/(a;)| = f*{a{x)) G A (see Theorem II. 7. 6 in PS|| ). Define 

Fo{x) = W-\a{x))xA{x), xeX. 

Since a is measure preserving, F^it) = W~^{t), < t < a. Besides, since 
/* < W~^, we have that 

Fo{x)>f*{a{x)) = \f{x)\ a.e. xgA 

If a = fi{X) the function we are looking for is clearly, F = Fq. If on the 
contrary a < /i(X), we take < Fi e M{X \ A), with F^{t) = W'^ia + 
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t), < t < /u(X \ A). It is then immediate to check that the function 
F = Fq + FiXx\A satisfies the statement. □ 



Let us define now the seminorm N whose properties (Proposition p.4.36|) 
will be very useful. 

Definition 2.4.35 If {E, || ■ ||) is a quasi-normed space, we define the semi- 
norm N : — s> [0, +oo) by 

N(/) = N^(/) = inf{f:i|M| : {fk)k C E, f = fX f e E. 

^ k=l k ^ 

It can be proved that N is the bidual norm: 

N(/) = sup|^ = ||/|U... 

ueA* II'^^IIa* 

Proposition 2.4.36 Let A be a quasi-normed Lorentz space, and N = Nj^. 
Then for f , g E A we have, 

(^) m < II/IIa. 

(ii) \f\<\g\^Nif)<Nig). 
(m) N{f) = N{\f\). 

M iV(/) = inf{ELillMlA : |/|<E.IM}. 
Moreover A* = {0} if and only if N = 0. 

Proof, (i) is immediate. To see (ii), if g = J2k9k we have that / = 
{f/9)9 = Ek{f/9)9k, hence N(/) < Efe II (//^)^fc|lA < Ekhkh and thus 
N(/) < N(5f). (iii) and (iv) are corollaries of (ii). 

Let us now prove the last statement. If there exists 7^ m G A*, we 
can find / G A with u{f) 7^ 0. For every finite decomposition / = J2k fk 
we then have that, |m(/)| < J2k \u{fk)\ < \\u\\ Efc ll/fclU- Hence Efc ||/a:||a > 
|w(/)|/||m|| and taking the infimum, we obtain N(/) > |^i(/)|/||ii|| > 0, that 
is, N 7^ 0. Conversely, since N is a continuous seminorm in A (by (i)), if 
N 7^ there exists (Hahn-Banach theorem, ||Ru|| ) a nonzero continuous linear 
form M in A. □ 



In the following result, proved by A. Haaker in |Ha| for the case X 



we give a necessary condition to have that the dual of A^'°°{w) is zero. As 



we shall see in Theorem 2.4.40, this condition is also sufficient. Our proof is 



based on the proof of A. Haaker. 
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Lemma 2.4.37 Let X be nonatomic and W G Ag. If A]f°{w)* = {0} and 
e > 0, there exists n eN such that 

r W-\r) drKeT W'^{r) dr, < t < nt < s < 

Jnt Jt 

Proof. We can assume that W is strictly increasing (otherwise, we sub- 
stitute this function by W{t){l + 2t)/(l + t)). Let < / G A^'^{w) with 
/* = W-^ in (0,/i(X)). By Proposition gXBej N(/) = and there exist 
positive functions /i, . . . , fn~i G A^'°°(w) with 

k 

and such that, if = ||/fc||Ai'°°j k = 1, . . . ,n — 1, then 

E Ofc < e. 

By Lemma |2.4.33| , < oo or = oo and w ^ L^. In any case 

hmt^oo /fc (^) = 0, A; = 1, . . . , n — 1. We can then take functions gi, . . . , Qn-i G 
Ai'°°(w) with ^fc > /fc a.e. and ^^(t) = afciy-i(t), < t < /i(X) (using 
Lemma p.4.34|) . Summarizing, 

(i) f < 9i + ■■ ■ + 9n~i a.e., 

(u) (7*(t) = afciy-i(t), 0<t</x(X), 

(zm) ai + . . . + a„,_i < e. 

If s, t > 0, with nt < s < fi{X), we define 

F = {xeX : W'\s) < fix) < W-\t)}, 
Ek = {x e F : gk{x) <akW~\t)}, A: = 1, . . . , n - 1, 

n-l 

E = f]Ek. 

k=l 

Since /* = and this function is strictly decreasing, 

/i(F) = Xf4W-\s)) - Xf4W-\t)) = s-t. 

Moreover, 

fi{F \ Ek) = ^({x G F : gk{x) > akW^\t)}) < Xg^^{akW'\t)) = t, 
and n{F \E) = fi{{F \Ei)U...U{F\ En-i)) < {n - l)t. Hence, 
fi{E) > fi{F) - {n-l)t = s- nt. 
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Since E C F, ii G = {W-\s) < f < W-^{s - the distribution 

function of fxE majorizes fxo and we have that 



f{x)df,{x) = / {fXEnr)dr> {fXGnr)dr (2.10) 
Jo Jo 

= r W-\r)dr> rw-\r)dr. 

Js—a(E) Jnt 



On the other hand, 

n-l 

E 

k=l 



/ f{x)dn{x) < E / 9k{x)dfi{x) 

< E/ 9k{x)dfi{x) = Y, {9kXE,y{r)dr, 
k -^^^ k ^0 

but fi{Ek) < n{F) = s — t and in this set gk < akW~^{t) = gl(t). Hence, if 
Hk = {9k{'^) ^ 9k > 9k{^)}j the distribution function of XHk majorizes the 
distribution function of XEk (observe that gl = a^W'^ is strictly decreasing) 
and we have that 

rs rs 

i9kXEj*ir) dr < gl{r) dr = ak W'^{r) dr, 



and hence, 

J^f{x)dfi{x) <J2(^kJ^'w-\r)dr < ej'w-\r)dr. 



k 

This and ( p.lO|) end the proof. □ 



Definition 2.4.38 A function / G Ai{X) is a step function if it is of the 
form 

/ = E anXE„, 

n=l 

where (a„)n C C and (-E„)„ is a sequence of pairwise disjoint measurable sets 
in X. 



m 



The proof of the following result is totally analogous to that of Lemma 7 
|Cwl|] , where the author considers the case W{t) = t^/^. 



Lemma 2.4.39 Every function < / G A^x°{w) is majorized by a step 
function F G A^'°°. 
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Now, we can prove the following result. 
Theorem 2.4.40 Let X be nonatomic and G A2. If < p < 00, 

^TM* = {0} 

if and only if 

W^/P(tr) 

lim sup = 0. 2.11 

Proof. By Remark 2.2.6 , we can assume p = 1. 

Sufficiency. We assume that ( |2.11| ) holds and we shall prove that N = 
Nai.oo = 0. By Proposition [21^:3^ we have A^°°(w)* = {0}. Let then / e 
Ai'°° and let us see that N(/) = 0. By Lemma p.4.39| and Proposition p.4.36| 
(ii), we can assume that / is a positive step function: 

f = Y1 (^nXAn , (an)n C (0, Oo) , A„ H = 0, U 171. 

n 

Observe that either < oo or, by ( |2.11| ), W{oo) = oo. Therefore, 

limt^oo/*(^) = 0, and hence fi{An) < oo for every n = 1,2,... Also by 
( ^.11| ), for every e > there exists m G N such that 

That is, 

W-\2'^t) < e2-"'W~\t), 0<t< 2-XX). 

Let us divide the sets A„ into 2"^ pairwise disjoint measurable subsets {A'^)l'l-^ 
and with equal measure. For every = 1, 2, . . . , 2"*, we have 

fk = "^anXAi^- 

n 

Thus / = J2k fk and for < t < 2^™/i(X) (/^ is zero outside this interval) 
we have. 



f*{t) = f*{2"^t)<W-\2"^t)\\f\\ 



< e2-'"W^-i(t)||/||Ai,oo, A; = l,...,2'". 
Therefore, ||/fc||Ai.°° < e S^^H/Haloo and, 

n(/)<EIIMIa^- <e||/llAi- 

k 
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Since this holds for every e > we conclude that N(/) = 0. 

Necessity. Let us assume now that AjTiw)* = {0}. By Lemma ^X37| , 
there exists n G N such that 

r W-\r) dr < I r W-\r) dr, t, s > 0, nt < s < fi{X). (2.12) 

Jnt 2 Jt 

To see we shall prove that for K ^N, 

sup — ^ < An 2-^, 
o<r<M(x) tW{r) 

if < t < n~'^^ . To this end, let us define for < r < fi{X) 
Ak= f W-^{x)dx, k = 0,l,...,K. 



By (m, 

Ao>2Ai>AA2>...> 2^Ak 

and 



1 > ^ = 1 _ -^0--^! > 1 _ 

2- Ao Ao - Ak ' 

rntr 

But Ao - Ai = / W-\x)dx < {n - l)trW-\tr) and Ak > (1 
n^t)rW~^{r). Hence, 



2- {l-n^t)W{rt)' 

And then, 



W(tr) , r. n-l r. 



Remark 2.4.41 (i) Condition ( |2.11D appears for the first time in ||Ha|| where 
A. Haaker proves the previous result for the case X = M"*", w ^ L^. 

(ii) In the proof, we have seen that the condition of Lemma |2.4.37| implies 
( |2.11| ). Therefore such condition is also equivalent to A^'°°(w)* = {0}. 



Corollary 2.4.42 Let < p < oo, X be nonatomic and A = Ajf^^w) be 
quasi-normed. Then: 



M.J. Carro, J. A. Raposo, and J. Soria 65 

{0} = A' = A*. 

(a) If the previous condition fails, two cases can occur: 

(11.1) If [^W-^/P(s)ds = oo, 

Jo 

{0} = A' £ A*. 

(11.2) If W-^'''{s)ds < oo, 

Jo 

{0} ^ A' £ A*. 



Proof. It is an immediate consequence of Theorems 2.4.S, 2.4.31, and 



2.4.40. □ 



Example 2.4.43 

(i) We can apply the previous result to identify the dual and associate 
space of the Lorentz spaces LP''^{X) {X nonatomic), observing that L^''^ = 
A9(t'?/p-i) and = AP'~(1). We obtain, then, by other methods, results 
already known (see |[Hu| , PS| , pwl| , |Cw2|| ): 



1.1) LP'i{Xy = LP'i{Xy = {0}, if < j9 < 1, < g < cx), 

1.2) L^'^Xy = L^'^lxy = L~(X), if < g < 1, 

1.3) L^'^lxy = L^'^lxy = {0}, if 1< g < oo, 

1.4) LP'i{Xy = LP'i{Xy = LP''°^{X), if 1 < p < oo, < g < 1, 

1.5) Lf'«(X)' = LP'^lxy = if 1< p < oo, 1< g < oo, 

1.6) LP'°°{Xy = LP'^^iXy = {0}, if < j9 < 1, 

1.7) {0} = Li'°°(X)' g L^'^{Xy, 

1.8) {0} ^ LP'°°(X)' g if 1 < p < oo. 

(ii) If ^ = X(o,i), D A^+(l) = LPiR+). A'^^^y ^ {0} for every 

p e (0, oo) while, as for Lp, A^+(w)' ^ {0}, if and only if p > 1. In the 
weak-type case, A^!^(tf )* 7^ {0} for every p e (0, 00) and the associate space 
is not zero only if p > 1. 
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2.5 Normability 

In this section {X, /i) is an arbitrary a-finite measure space. We shall study 
when A^x'^{w) is a Banach space in the sense that there exists a norm in 
A^^(w) equivalent to the functional || ■ ||aP'9(^„). In the nonatomic case, some 
results are already known: G.G. Lorentz ( |^o2|| , 1951) proved that, for p > 1, 
II ■ II A*',, (w) is a norm if and only if w is decreasing (that is, equal a.e. to 
a decreasing function) in (0,/). A. Haaker ( [|Ha|| , 1970) characterizes the 
normability of A^!^°(w), < p < oo (see also HSof), and gives some partial 
results for A^+(w), p < oo. E. Sawyer (|S^, 1990) gives a necessary and 
sufficient condition to have that Ajf(w) is normed in the case 1 < p < 



oo, X = M", while in ( ||CGS|| , 1996) the authors solve the case < p < 



oo, iJi{X) = oo, X nonatomic. 

In the case X = N* (spaces d{Q,p)) we do not know any previous result 
concerning normability. Except some isolated case, in all the references we 
know on the spaces d{Q,p), it is assumed that the sequence fl is decreasing 
which, in the case p > 1, ensures that || ■ ||d(n,p) is already a norm. 

Here, we solve the general case for a resonant measure space X unifying 
in this way all the previous results and including the unknown results for the 
spaces d{Q,p). In the atomic case we shall reduce the problem to M". 

Let us start with some general results. 

Theorem 2.5.1 If 1 < p < oo and w I, then \\ ■ ||ap,(ui) is a norm. 
Proof. In the nonatomic case, 

i/p 



\\f + 9\\A^,M = [fiif + 9nt)rwit)dtj 



,1/p 

sup / \f{x) + g{x)\^h{x) dfi{x 
h*=w \jx 



and the triangular inequality is immediate. On the other hand if X is a- 
finite, we know (retract method) that there exists a nonatomic space X and 
a linear application F : M{X) M{X) such that F(/)* = /* (c.f. [[BS|] ) 
and the result follows immediately from the atomic case. □ 

The following result gives sufficient conditions to have the normability. 
Theorem 2.5.2 Let X be a a -finite measure space. Then, 
(i) if 1 < p < oo and w G -Bp,ooj A^(w) is normahle, 
(a) if < p < oo and w G Bp, A^°°(w) is normahle. 
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Proof, (i) li p = 1 and w G Bp oo = -Bi,oo, there exists a decreasing 
function w with W ^ W ( ||CGS|| ). It follows that || • ||ai(i5) is a norm in 
A^(w) equivalent to the original one. If p > 1 and w G -Bp,oo; the Hardy 
operator A satisfies A : L^^^{w) Uiw) and it follows that the functional 
11/11 = II/** II Lp(«)) is an equivalent norm to the original quasi-norm. 

(ii) If w G -Bp we have that A : U'^'^iw) LP'°°{w) (see [^) and the 
functional ||/|| = ||/**|| lp'°^{w) is an equivalent norm. □ 



Remark 2.5.3 The functional 11 not a norm, except in some trivial 

cases. In fact, if (^, /i) is an arbitrary measure space and there exist two 
measurable sets E C F C X with 1 < a = W {fj,{F)) /W {^{E)) < oo (where 
w is an arbitrary weight in M"*"), we have that ||/+5'||ap.°o > ||/||ap>°° + Hs'IIap."" 
for / = axE + Xf\e, 9 = Xe + (iXf\e (assuming without loss of generality 
that fi{F \E) < fi{E)). Then, the following statements are equivalent: 

(i) II • IIap.oo is a norm. 

(ii) II ■ ||ap>o° = C\\ ■ ||l°°- 

(iii) The restriction of W to the range of fi is constant. 



Theorem 2.5.4 A Lorentz space A is normable if and only if A = A", with 
equivalent norms. In particular, every normable Lorentz space A is a Banach 
function space with the norm || • ||a//. 

Proof. The sufficiency is obvious. Conversely, if A is normable with a 
norm || ■ ||, it has to be equivalent to || ■ ||a**5 (by Hahn-Banach theorem), 
and by Corollary |2.4.24| , we have ||/||a ~ ||/||a" for every function / with 
absolutely continuous norm in A. Since every |/| G A is a pointwise limit of 
an increasing sequence of functions in L'^ (which have absolutely continuous 
norm by Corollary p.3.5| and Proposition p.3.8|) and the functionals || ■ ||a and 



II • II A" have the Fatou property, it follows that ||/||a ~ II /II A" for every / G A. 
Finally, it is immediate to prove that the norm || • ||a" satisfies the properties 
of Definition BXl. □ 



Remark 2.5.5 If || ■ ||a is a norm, then (A, || • ||a) is a Banach function space 
and II ■ ||a = II ■ ||a" (see | [BS|| ). 



From now on, we shall consider the case X resonant. We shall see how 
the previous conditions are also necessary (in the atomic case). As an imme- 
diate consequence of the previous theorem and the representation theorem 
of Luxemburg ( |PS|| ) we have the following result. 
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Corollary 2.5.6 Let X be a nonatomic measure space, < p,q < oo. // 

A^^ is normahle, so is ^^^q^(^x))> ^'^^ ^/ II ' II A^'' ^'^ ^ norm the same holds for 

II ■ IIa*''' 

Lemma 2.5.7 Let A G be a measurable set, and let w be a weight with 
w = wX{o,\A\)- Then, 

('^) II ■ IIaa(w) is a norm if and only if \\ ■ \\a^{w) is a norm, 

(a) Aa{w) is normable if and only if A]g^{w) is normable. 

Proof. Since Aj^{w) C AR(ty) the "if" implication is immediate. To see 
the other part, let us assume that 



Aa(w) 



Aa{w), 



\/fl,...Jn e Aa{w) 



and let us first see that we have an analogous inequality substituting A by 
an arbitrary set F C M with |y| < \A\. By monotonicity we can assume 



|y| < \A\. Then there exists an open set G D with h 



\G\ < \A\. 



Let A G A with |y4| = b and let ai : A (0, be a measure preserving 
transformation (Proposition 7.4 in ||BS|| ). Since G is a countable union of 
intervals, it is easy to construct another measure preserving transformation 
(72 : (0, b) G. Then a = a2oai : A ^ G preserves the measure and for each 
/i, ...,/„ G C M{G), the functions = fjoa G M{A), j = 1, . . . , ra, 

satisfy f* = f*, for every j and (/i + ... + /„)* = (/i + . . . + /„)*. Hence 



II/1 + --. + /, 



n \\Ay{w) 



\\fl + ... + fn\\AAM<CY.\\f] 



CEII/: 



j \\Ay(w)- 



If now fi, . . . , fn are arbitrary measurable functions in M and we choose 



F C + . . . + /„| > (/i + . . . + /„)*(|A|)}, with \Y\ 
supported in (0, |y4|) we have that 



\A\, since w is 



ll/l + . . . + /n||AR(«;) - ||(/l + • • • + /n)Xy II Ar(«;) " ^ f jXV 



Ay{w) 



and it follows that 

ll/l + . . . + /n||AR(«;) < ll/jXy|lAyH < E II /i II ArH ' 



If C = 1 we conclude that 



is a norm. If 1 < C < oo, the previous 



inequality proves that Ar(w) is normable (the functional N defined in 2.4.35 
would be, for example, an equivalent norm). □ 



The following result characterizes the normability in the nonatomic case. 
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Theorem 2.5.8 Let {X,fi) be a nonatomic measure space, < p < oo, w = 
wXioMX))- Then: 

('^) II ■ IIa5,(m)) (1 norm if and only if p > I, w I. 

(a) A^{w) is normable if and only if p > I, w E Bp^oo- 

('^'^V II ■ IIap;°°(w)) a norm (except if fi{X) =0). 

(iv) A^°°(w) is normable if and only if w E Bp. 

Proof. That the conditions are sufficient has been aheady seen in The- 
orems p.5.1| , p.5.2| , and Remark |2.5.3| . To see the necessity, we use Corol- 
lary p.5.6| and Lemma |2.5.7| to conclude that we can substitute the space X 
by M. Then (i) follows from [PUS^ and (ii) from jCUB^ and (iii) 

from Remark ^.5.3| , and (iv) follows from |So| . □ 



We shall now study the normability of the sequence Lorentz spaces diVt, p) 
and 

Theorem 2.5.9 Let Q = {Vln)n=o ^ [0,oo). 

(i) IfO<p<l, \\ ■ \\d{n,p) is a norm if and only if Q = {Qq, 0,0, ...) . 
(ii) If 1 < p < oo, II ■ ||d(n,p) is a norm if and only if Q |. 

Proof. The sufficiency in (i) is obvious and in (ii) has already been proved 
in Theorem |2.5.1| . Let us see that if || ■ \\d{n,p) is a norm, necessarily Q J.. 
For n e N and t G (0,1), let / = (1, 1, . .'. , 1, t, 0, 0, 0, . . .) and let g = 
(l,...,l,t, 1,0,0...). Then, 



|d(Q,p) 
11/ + 9\\d{Q,p) 



||fi'||d(f7,p) — (^0 + ■ . ■ + + 

{2mo + ... + 2m^_, + (1 + tnn^ + n„+i)) 



i/p 



Form the inequality ||/ + (^l 



d(n,p) 



< 



d{n,p) + ||5'||d(o,p) it follows that 



n 



71+1 



< 



2P - (1 + t)P 
{l + t)P - 2HP 



and letting t tend to 1 we obtain that Qn+i < and (ii) is proved. 

Let us assume now that || ■ ||d(r2,p) is a norm and p < 1. Then (Re- 
mark |2.5.5D it coincides with the norm of the biassociate space. Then 
since by Theorem pXT^ (i), d{n,py = rf(fi, 1)', where Qq = QI^^, fi„ = 



En-i Q 
k=0 "fe 



,1/P 



n 



1,2,.. ., we obtain that 



|d(n,p)" 
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II ■ ll^j,^ ^y,. Applying this equality of norms to / = (l,t,0,0, . . .), t G (0, 1), 
we obtain that 

(fio + rai)^/^ = ll/IU(n,p) = < ll/IL(?5,i) 



and hence 



<C <oo. 



t 

If i^i 7^ the limit, when t — > 0, of the left hand side is +oo, and thus fii = 
and, since the sequence is decreasing, we finally obtain f2„ = 0, n > 1. □ 

Let us consider now the normability of d{fl,p). 
Theorem 2.5.10 Let Vl = {^n)'^=o C [0, oo) and let us denote Wn = 

TJU^k. n = o,i,2,... 

(i) IfO<p<l, d{Q,p) is normable if and only if Q & £^ . 
(a) d{Q, 1) is normable if and only if 

^" <C^, 0<m<n. 



n + 1 m + 1 ■ 
(Hi) If 1 < p < oo, d{Q,p) is normable if and only if 

That is, if p < 1, d{Q,p) is not normable except in the trivial case Q & 
and then d{Q,p) = i°° . 

Proof, (i) If i7 G i^, d{Q,p) = and there is nothing to prove. Con- 
versely, if d{VL,p) is normable, || ■ ||(i(r2,p)" is a norm in this space (Theo- 
rem [2.5.4] ) which is majorized by the norm of diVl, 1), with ^]o = ^y^, fin = 
(I]fc=ofifc)^^^ ~ ( Sfc=o fifc)^^'') ^ = 1,2,... (see the proof of the previous 
theorem). We have then the inequality, 

Y.g{nYnA <C^(?(n)a„, g[. 

n=0 ^ n=0 



M.J. Carro, J. A. Raposo, and J. Soria 



71 



Ifr = l/p>l the previous expression is equivalent to 

S = sup — -r < oo. 



By Theorem |1.3.6 



with w = J2'k'=o^kX[k,k+i), W{t) = J w{s) ds and analogously w and W. 

Using that W E A2 (because d{Q,p) is quasi- normed) , one can easily see 
that the above integrand is comparable, in every interval [n,n + 1), to the 
function w/W. We have then 



f°° w(t) , , W(oo) 



which implies w & and Q & 

(ii) and (iii): Let w(t) = J2kLo^kXlk,k+i){t), t > 0. Then the condition 
of the statement implies w G -Bp,oo (cf. Theorem |1.3.3| and Corollary |1.3.9|) 
and by Theorem p^.5.2| , d{Q,p) = A^, (w) is normable. To see the converse, 
let /> be a decreasing sequence in d{Q,p). If n > 1, let us define (/„ = 
E^=-„ fj where, for each j eW, fj{k) = f{k + j)x{k>~j}{k), /c = 0, 1, 2, . . . 
Then 

n 

\\9n\\d{n,p) <C \\fj\\din,p) < {'^n + l)C\\f\\d{n,p), Vra, (2.13) 

j=-n 

and on the other hand, we have Qn > (/(O) + . . . + f{n))x{o n} and hence 

\\9nUn,p) > (/(O) + . . . + f{nmX{o,...,n}hin,p) = (/W + ••'• + /(r^))W^„^/^. 
Combining this with (|2.13| ) we obtain that 

d{n,p) - 

which is equivalent to the boundedness of Ad : £doc(^) — ^ £^'°°(fi). Now, by 
Theorem |1.3.7| , the conditions of the statement follow. □ 

To finish this section, we characterize the normability in the weak case. 

Theorem 2.5.11 Let < p < 00, = (fi„)J^g C [0, 00) and let us denote 
by Wn = ELo ^k, n = 0, 1, 2, . . . Then: 
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(i) II ■ IU°°(n,p) is a norm if and only if fl = {flo, 0, 0, . . .). 
(a) d°°{Q,p) is normable if and only if 



"1 r? + 1 



i/p 



i/p- 



n = 0,1,2, 



Proof, (i) is a consequence of Remark p.5.3| . To see (ii) it is enough to 
observe that the normabihty of d°°{Q,p) is equivalent to the boundedness of 



(2.14) 



since if (|2.14|) holds, then ||/|| = ||v4(i/*||^p,oo(n) is a norm in d°°{fl,p) equiv- 
alent to the original quasi-norm, and if d°°{Q,p) is normable, the same ar- 
gument used in the last part of the previous theorem (changing ||/||(i(n,p) 
by ||/||d°c(Q,p)) shows ( |2.14| ). Applying now Theorem |1.3.8| we conclude the 
proof. □ 



2.6 Interpolation of operators 

In this section {X, fi) and {X, /2) are a-finite measure spaces, although this 
will not be necessary in the interpolation theorems for the spaces A^^''{w). In 
some cases (Theorem 2.6.3|) no conditions on the weight w will be required. 



In the more general result (Theorem p.6.5| ) we will assume that the spaces 
involved are quasi-normed [W G A2{X)). This theorem is a generalization 
of Marcinkiewicz theorem adapted to the context of the AP''^{w) spaces. 

Finally, we shall see how some of the results of chapter |l| on boundedness 
of order continuous operators can be extended to the context of Lorentz 
spaces. 

We start by recalling some concepts connected with the real method of 
interpolation. In this section we call functional lattice to any class A formed 
by measurable functions and defined by 

A = {f : ||/|U<oo}, 

where || • \\a is a nonnegative functional that acts on measurable functions 
and satisfies \\rf\\A = r\\f\\A, r > 0, and ||/|U < \\g\\A if \f{x)\ < \g{x)\ 
In particular the Lorentz spaces Ax^{w) are of this type. In what 
follows A, B, Aq, Ai, Bq, Bi denote arbitrary functional lattices. We shall 
write A ^ B,if A = B and|| -H^i ~ || ■ ||b- Let us now recall the definition of the 
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i^-functional associated to the pair {Aq, Ai). For every function / G + 
and t > 

K{f,t,Ao,A,)= inf (||/o|U„+t||/i|UJ, 

/=/0+/l 

where the infimum extends over all possible decompositions / = /0 + /1, fi& 
Ai, i = 0,1. We shall simply write K{t, f) if it is clear which pair {Aq, Ai) 
we are working with. The main properties of K are the following: 

(i) K{rf,t)=rK{f,t), r > 0, 

(ii) \f\<\g\^K{f,t)<K{g,t), 

(iii) A^B„ t = 0,l^ K{f, t, Ao, Ai) ^ K{g, t. Bo, Bi). 



Properties (i) and (iii) are immediate while (ii) can be seen in |[KPS|| . For 



each < 6 < 1, < q < 00, we define the following "norm" in Aq + Ai: 

||/||(Ao,AO,, = [f{t-'K{f,t,Ao,A,)yjy\ 

(sup( t^^K{f, t, Aq, Ai) if g = 00). It is then natural to define the space 

{AQ,A^)e,, = {f eAq + A^ : ||/||(Ao,Ai)a„ < 00}. 

We say that the operator T , defined in + Ai, and with values in Bq + Bi, 
is quasi-additive if there exists > such that 

\nf + g){x)\<k{\Tf{x)\ + \Tg{x)\) a.e. x, 

for every pair of functions f,g,f + gEAQ + Ai. 

The fundamental result of this theory is the following. 

Theorem 2.6.1 Let T he a quasi-additive operator defined in Aq + Ai and 
such that 

T ■ Aq^ Bq, 
T : Ai^ B,. 

Then, for < 9 < 1, < q < 00, we have, 

T : {AQ,Ai)e^q — > (i?o, -Bi)e,q- 

Our purpose now is to identify the space (Aq, Ai)e^q or, equivalently, the 
functional || ■ ||(yio,Ai)e, when Aq,Ai are Lorentz spaces. As we shall see, 
II ■ ll(Ao,Ai)9 , will be, under appropriate conditions, equivalent to the "norm" of 
a certain Lorentz space. 
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Theorem 2.6.2 IfO <p<oo and f e M{X), 

K{f, t, A^H, L^{X)) ^ K{r, t, LP{w), L^{w)), t > 0, 
with constants depending only on p. In particular, for 0<6<l,0<q< oo, 

(A^^H,L°°(X)V^^A|^H 

where, 

1 1-9 



p p 

Proof. If / = /o + /i with fo e A^(u;), /i e we have that 

f*{s) < fSis) + fm = /o*(s) + Wfih^ix), s > 0. Hence, 

K{f*,t,L^{w),L^{w)) < ||/o1|L.(^)+t||/l||L-(X) = ll/o||A^,H+t||/l||L-(X). 

Taking the infimum over all decompositions / = /o + /i G A^(ti?) + L°°{X) 
we obtain, 

K{f*, t, L^iw), L^{w)) < K{f, t, A^H, 

To prove the converse inequahty, if / G M{X), t > let a = 
and let 

fo = if - '^777 X{|/|>a}, fi = f - fo- 



Then (/*); = iif*)l - a)x[o,tp) while f^ < a. Since / = /0 + /1 we have that 

ir(/,t,A^H,L°°(X)) < ||/o||A^^H+t||/i||L^(x) 

< ll/o* IIlp(u>) + ta 
= UfoU, + ta 

f-tP \ l/p / rtP \ 1/p 



< c,^l iinus)rdsj 



Since the last expression is equivalent to K{f*,t,LP{w),L°°{w)) (see [ [BL|| ) , 
the first part of the theorem is proved. 

The second part is an immediate consequence of the previous one. To 
see this, observe that the "norm" in (A^(iy), L°°(X))g ^ is defined using the 
i^'-functional and we have 
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and the last "norm" is (see | |BL| ) , 

\\f*\\Lp'i{w) = II/IIaJ'^h- 



A consequence of this result is the following interpolation theorem with 
L^{X). 

Theorem 2.6.3 If < p,p < oo and T is a quasi- additive operator in 
Ax{w) + such that, 

T : — > L°°(X), 
T : A^^H Ar (.^), 

then for q,q E (0, oo) satisfying q/p = q/p > 1, we have 

T : A'/{w) Af{w), < r < oo. 

Proof. The argument used in the first part of the previous theorem to 
prove the inequality 

K{f*,t,L^{w),L^{w)) < K(/,t,A^H,L-(X)), 

still works if we substitute the spaces L^iw) and A\{w) by LP'°°{w) and 
A^^°°{w) respectively. Therefore, with 1/q = (1 — 6)/p, it follows that (see 

ig), 

and the rest is a consequence of Theorem 2.6.1 and Theorem 2.i).'2 . □ 



Remark 2.6.4 Observe that in the last two results, it is not necessary that 
the Lorentz spaces involved are quasi-normed. If we assume that these spaces 
are quasi-normed (that is W e A2) we can use the reiteration theorem 
to obtain a more general result analogous to the interpolation theorem of 
Marcinkiewicz. 
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Theorem 2.6.5 Let < Pi,qi,Pi,qi < oo, 2 = 0,1, with pq ^ Pi, Po 
Pi and let T be a quasi- additive operator defined in A^^''^°{w) + A^'''^(w) 
satisfying 



T : A''^'''%w) Af'^w), 



T : A^r-M^A^ 



i.gi I 



w) 



Assume thatW e A2(X) andW G A2(X). Then, for < 6 < 1, < r < oo, 

T : A^'-(^) A^{w), 

where 

1 _l-9 9 1 _l-9 9 
P Po Pi P Po Pi 
Proof. Let < s < mm{po,Pi} and take 9q, 9i G (0, 1) such that 1/pi = 



(1 — 9i)/s, i = 0, 1. Then, by Theorem |2.6.2| it follows 



Since W G A2(X) we have that A'xi'^) is a quasi-Banach space and we can 
apply the reiteration theorem (Theorem 3.11.5 in [|BL|] ) to identify the above 
space: 

(A^(^),A-H)^,. 

with ?7 = (1 — 9)9q + 99i. Applying again Theorem |2.6.2| , we finally obtain 

{Ar%w),Ar'{wj),^^^AY{w) 

since [1 — r])/s = (1 — 9)/po + 9/pi. The same argument works for A^'^'(w) 
and analogously, 

{Af^%w),Af^\w)),^^^Afiw). 
The result now follows from Theorem |2.6.1| . □ 

Remark 2.6.6 J. Cerda and J. Martin ( ||C1VI| ] ) have proved, under some 
conditions on the weights Wo,Wi that, 

K{f, t, AP«''-«(«;o), A^-^^H«^i)) ^ K{f\ t, L^'-^\w,), L^^'^-{wr)) 

for < Po^Pi-,''^0)^i ^ oo. This allows them to obtain a more general inter- 
polation theorem including the case 

T : {A^r'MAT^^i)) — > (A5"^°(«;o),A|"^^(«;0), 
with Wq 7^ Wi, Wq 7^ Wi. 
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The following Marcinkiewicz interpolation type result is a direct conse- 
quence of Theorem |2.6.5| . 

Corollary 2.6.7 Let < po < pi < oo, W E A2(X), and W E A2(X). // 

T is a quasi- additive operator in A^{w) + A5(w) such that, 



T 
T 



then, for po < p < pi. 



Before ending this chapter, we shall extend some of the results of sec- 
tion ^]2| about boundedness of order continuous operators. The first result is 
a generalization of Corollary |1.2.12| . 

Theorem 2.6.8 Let L C M{X) be a regular class and let T : L —>■ M{X) 
he a sublinear order continuous operator. If < Pq < 1, po < pi < oo and 
wi e Bp^/pg^^, we have 

||T/|U^i(^^)<C||/lU.O(^„), fEL, (2.15) 

if and only if there exists Co < oo such that 

\\TXb\\a^^{wi) ^ C'ollXBllA^o(^g), Xb e L. 

Proof. We shall assume the last inequality and we shall prove ( |2.15|) . 
By monotonicity, it is sufficient to prove it for a simple function / > 0. 



Proceeding as in the proof of Theorem |1.2.11 

||r/rii.„,/„„, , < 



\\Tf\\ 



Po 



Pot^^-'\Tx{f>t}{-)r dt 



< Ci 
= Ci 

< 



^"11 / df 



But the condition Wi E Bp-^/p^^^ implies that 
Banach function norm (Theorem |2.5.2| ) and it follows, 

PotP^>''\\\Tx{f>t} 
Pot''-'\\Tx{f>t}^^^,^dt 

^'jo Pot''~'Wo{Xf{t))dt 



is equivalent to a 



78 



CHAPTER 2. LORENTZ SPACES 



Using the same idea, one can easily prove an analogous result for the 
weak-type case: 

Theorem 2.6.9 Let L C M{X) be a regular class and let T : L ^ M{X) 
be a sublinear order continuous operator. If < Pq < 1, < < oo and 

wi G Bp-^/pf^, we have 

||T/|L.i.^(^^)<C||/|U.^o(^„), /GL, 
if and only if, there exists Cq < oo such that 

Combining the previous results with the general interpolation theorem 
(Theorem |2.6.5| ) we obtain a generalization of Stein and Weiss theorem on 
restricted weak-type operators ( ||SW|| ). 

Theorem 2.6.10 Let < pQ,pi,qo,qi < oo, po 7^ Pi, lo 7^ Qi md let us 
assume thatT : (A5'(w) + A^(ti?)) —>■ Ai{X) is a sublinear order continuous 
operator satisfying 

II^xbIIa9o.°o(w) — C'oIIxbIIato(u>), bcx, 

\\TXB\\Aii-°°(id) — Ci\\xb\\api{w), B C X. 



Then, ifW,W G A2, we have 
if 



T : AY{w) — ^ Af{w), < r < 00, 



1 1-9 9 1 1-9 9 

- = + — , - = + -, 0<^<1. 

P Po Pi q Qo qi 

Proof. If G A2 there exists t > such that w e Bt (see jCUSp . 
Since the classes Bp are increasing in p, there exists an index r G (0, 1) 
with r < Pi, i = 0,1 and such that w G Bq-/r, i = 0,1. Since Hx-bIIapj = 
Cp„r\\XB\\AP^,r, B C X,we have 

II^XB|lA9«.°=(tD) ^ C'^\\xB\\AP^•'^{w), B C X, i = 0,1. 

But AP-^(w) = A^(wi) with Wi = W/p^'^w (Remark and by Theo- 

rem |2.6.9| it follows that 

T : Ar («^) — A|'°°(^), ^ = 0,1. 
Applying then Theorem p.6.5| we obtain the result. □ 
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Remark 2.6.11 (i) Since llxslly^^p, = Cpi,r||XB|lAPi,r, B C X, the previous 
theorem is still true if we substitute the spaces A^^{w) by A^^-'^'lvj), with 
< Tj < oo, i = 0,1. 

(ii) An analogous result holds, without the hypothesis W G A2, if we 
change the space A^i(w) by L°°, and with 1/p = (1 — 9)/po. This is true 
since, in this case, one can use Theorem p.6.2| (where this hypothesis is not 
needed) to identify the interpolated space. 
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Chapter 3 

The Hardy-Littlewood maximal 
operator in weighted Lorentz 
spaces 



3.1 Introduction 

In the previous chapter, we have introduced and studied the Lorentz spaces 
Aj^^(w). Our purpose in this new chapter is to study the boundedness of the 
Hardy-Littlewood maximal operator of the type 

M : A^H_A^H, (3.1) 

and its weak version, M : A^(iy) — > A^'°^(w) (see below for the definition of 
these spaces). Our goal is to find necessary and/or sufficient conditions on 
the weights u and w (in and M"* respectively) to have ( |3.1| ). We shall also 
obtain some positive result for the nondiagonal case 

M : A^^,(^o)— A^--(^i)- (3.2) 

If w = 1, (|3.1|) is equivalent to M : L^{u) — > U'{u) and this problem was 
completely solved by Muckenhoupt ( ||Mu|| ) , who obtained the condition u G 



Ap, 1 <p < oo (see (p.21|) ). On the other hand, if m = 1, the characterization 
of ( |3.1| ) is equivalent to the boundedness of the Hardy operator A : L^^^^iw) — >• 
U'{w) and was obtained (p > 1) by Arino and Muckenhoupt ( [|AM1|| ). The 
condition, in this case, is w G -Bp (see Definition |1.3.1| ). 



The problem (|3.2| ) and the corresponding strong-type boundedness when 
Wq.Wi are power weights (wj(t) = t°') reduces to M : U'°''^°{u) L^^^'^^iu) 
and was solved, for some cases, by Chung, Hunt, and Kurtz in ||CHK| , |HK|| 
(see also [pa| )- The complete solution for the general diagonal case (lOp has 
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been an open question so far, although there are some partial results due to 
Carro-Soria ( ||CS3|| ) and Neugebauer ( |[Ne2|| ). In this chapter, we prove (see 



Theorem j.3.5D a complete characterization of ( |3.1| ) and give necessary and 



sufficient conditions to have the weak-type boundedness. 



The chapter is organized as follows: in section |3.2| we present some general 
results which will be used in what follows, in section we show that 
holds if and only if there exists g G (0,p) such that 



W(u{UjE,)) - , VIB, 



for every finite family of cubes and sets (Qj, Ej)j, with Ej C Qj. 

In many cases this condition can be simplified. Among other results, we 
shall see that although the weight w in (|3.1| ) has to be in some class Bp, the 
weight u need not be even in A^o (see ( p.24| )). In fact, we shall show that 
(|3.1| ) can be true with weights u which are not doubling. 



In section we study the weak boundedness. For example, we prove 
that if Mo = Ml = M G Ai, (|3.2|) is equivalent to the case uq = ui = 1. Finally, 
in section we completely solve the problem 

M : LP^\u) ^ L'-'^(u), 

and also ( p.2|) , whenever mq = mi = m is a power weight. 

Notation: Letters m, mq, mi, . . ., will be used to denote weights in M". They 
will be nonnegative measurable functions, not identically zero and integrable 
on sets of finite measure. If A C M" is measurable, we shall denote by u{A) 
the measure of A in the space X = (R", u{x)dx); that is, 

u{A) = / u{x) dx. 
J A 

The distribution function of / G A^(]R") in this space, will be denoted by 
A J and the decreasing rearrangement by /*. A^''^{w) will be the Lorentz space 
A^'(w). If M = 1 we simply write A^'^(?i;). Hence, the "norm" of / in the 
weighted Lorentz space A^(w) will be given by 

\\f\\KM = {l^if:it))Mt)dty\ 

and, in the weak space, 

U.,^(^) = snp W'/^{t)f:{t) = snptW'/^{X}{t)). 
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Let us also recall that w is a weight in with support in [0,m(]R")] and 
that ^ 

< W{t) = f w{s) ds <oo, t>0. 
Jo 

Finally, the Hardy-Littlewood maximal operator M is defined by 

Mf{x) = sup^ / \ f{y)\dy, x G M", / G 
xeQ \Q\ Jq 

where the supremum extends over all cubes Q, with sides parallel to the axes. 

3.2 Some general results 

It is known that the decreasing rearrangement of Mf, with respect to the 
Lebesgue measure, is equivalent ([ pS|] ) to the function /**: 

(M/)*(t)^r*(t) = Ar(t), t>o. (3.3) 

Since every decreasing and positive function in M"*" is equal a.e. to the decreas- 
ing rearrangement of a measurable function in R*^, we deduce that the bound- 
edness of M : Ap{w) AP'~(m;) (resp. M : Ap{w) Ap{w)) is equivalent 
to the boundedness of A : L^^^{w) —>■ LP'°°{w) (resp. A : L^^^{w) Uiw)). 
Therefore (see section |1.3D a necessary and sufficient condition is w E Bp ^o 
(resp. w G Bp). On the other hand, when w = 1, the boundedness 
M : Ap^{w) — > A'^'°°(w) is equivalent to M : Lp{u) L'P'°°{u) which is known 
to be M e Ap (for p > 1), the Muckenhoupt class of weights ( ||Mu| , |MW| , [CT]] ). 
This motivates the following definition: 

Definition 3.2.1 If < p < oo, we write w G Bp{u) (respectively w G 
Bp,ooiu)) if the boundedness M : Al{w) Al{w) (resp. M : a{{w) 
AP'°°(w)) holds. We shall also write u G Ap{w) if M : Ap^{w) -> AS'°°(w) 
holds. 



That is, u G Ap{w) 4^ w E -Bp,oo(w). It is clear then that Ap{l) = Ap, 1 < 
p < oo, and that Bp{l) = Bp, _Bp_oo(l) = -Bp,oo, < p < oo. On the other 
hand, since A^ C A^'°°, we always have that Bp{u) C Bp^ooiu), < p < oo. 
With this terminology, our purpose will be to identify the classes Bp{u) and 
Bp^ooiu), or equivalently to identify the classes Ap{w). 

Using ( p.3|) , the nondiagonal case (with m = 1) is also very simple: the 
boundedness of M : Ap°''^°{wq) A^^^'^^iwi) is equivalent to the boundedness 
of the Hardy operator A : LFfj^'^°{wQ) —>■ Lp^''^^{wi), which is known in most 
of the cases. 
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The natural question now is to see if there exists an analogue to 
when the rearrangement /* is taken with respect to a weight u ^ 1; that 
is, if (M/);(t) ^ Af*{t) or (M/);(t) < CAf*{t), when m is a weight in 
satisfying certain conditions. However, it was shown in ||CS3|| (see also ||LN 1| , 
m that {Mf)l ^ Afl if and only if « ^ 1, and (M/); < C(v4/*p)^/^ if and 



only if M : U'iu) L^'°°{u), p > 1 (equivalently if u G Ap). The following 
theorem generalizes this result, characterizing M : A^{w) A^'°°{w) in 
terms of an expression like ( |3.3| ). 

Theorem 3.2.2 If < p < oo, M : Ap{w) AP'°^{w) is bounded if and 
only if 

/ 1 rt \l/p 

{Mfm < c(^^ if:ns)w{s) dsj , t > o, / g Miw)- 

Proof. The inequality of the statement implies 

w'/^iMfm < c( u:ns)w{s) ds^' < cii/iu.(^), t > o, 

or, equivalently, ||M/||^p,o°(^) < C||/||ap(«,)- This proves that this condition 
is sufficient. On the other hand, let us assume that M : A^{w) AP'°°(w) 
is bounded and let / G A^(w). If / = /o + /i, with /i G L°°, we have, for 
every t > 0, 

(Mfxit) < (M/o):(t) + (MA):(o) 

< l^-^/^(t)l|M/o|U.,^(^) + l|M/i|Uo.(„) 

< ciy-^/^(t)(||/o||ASM + 

and taking the infimum over all decompositions / = /i + /o we obtain 

(M/):(t) < CW-'/P{t)K{f,W'/''{t),A:{w),L°^{u)), t > 0. (3.4) 

By Theorem gX2| , K{f*,W^^P{t), Li'{w), L°°{w)) is equivalent to the K- 
functional and therefore (see ||BL|| ) equivalent to 



[I {if:)ins)dsj =[l{f:ns)w{s)dsj . 

This and ( |3.4|) give us the inequality we are looking for. □ 



Remark 3.2.3 The same argument works for the nondiagonal case and 
hence ( P?^ ) is equivalent, if < po^Pi < oo, to the inequahty 

/ 1 r^o{t) \i/po 
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Next result gives a necessary and sufficient condition to have the weak- 
type inequahty, 

l|M/|U..-(^,)<C||/|U.O(^„) 
on characteristic functions / = xe, E C M.'^. 

Theorem 3.2.4 Let < Po,Pi < oo. Then, 

||Mxi?||APi,-(^^) < C\\Xe\\aIO(wo)^ E C M" measurable, (3.5) 

if and only if, for every finite family of cubes {Qj)j=i and every family of 
measurable sets {Ej)j^^, with Ej C Qj, for every j, we have that 

^;^;'(Mu.Q.)) ,c..JM, (3,6) 

Proof. To prove the necessary condition, let us consider f = Xe with 
E = [jj Ej. If t > is such that 1/t > maxj then 

/ fix) rfx > ^ > t, 

\Qj\ JQj \Qj\ 

and we have that Qj C {M f > t}. This holds for every j = 1, . . . , J and 
hence, [jjQj C. {Mf > t}. Therefore, 

tW^/'^M[jQ,)) < tW^^'\X-^,f{t)) < C7||/|U.0(^„) = CW^/'\uo{[jE,)l 
j j 

and consequently 

Since 1/t > maxj is arbitrary, we have shown (|3.6| ) . 

Conversely, let us assume that (|3.6| ) holds. Then, this inequality also holds 
if the families {Qj)j, {Ej)j are countable nonfinite. If f = xe ^ Ai{W^) and 
t > 0, for every x G {Mf > t}, there exists a cube Q, with x E Q and 

such that / f (x) dx = \E f] Q\ > t. By definition we have that Mf{y) > t, 
Jq 

for every y E Q and hence, Q C {Mf > t}. Using again this argument, 
we obtain a countable family of cubes {Qj)j such that {Mf > t} = [jj Qj 
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and satisfying (with Ej = EnQj) \Ej\/\Qj\ > t, j = 1,2, . . . Then, t < 
infj 1^ = ( supj ■j^)""'^ and we have, applying ( |3.6| ), 



< CW^/''%uoi[jE,))<CW^/^\uom- 

3 



Taking now the supremum in t we obtain that 



Remark 3.2.5 In the condition ( p. 61 ), we can assume that the sets {Ej)j 
are disjoint. In fact, for every finite family of cubes {Qj)j there exists a 
subfamily {Qj^)k of disjoint cubes such that [jjQj C {jkQj^y where every 
Q*^ is a dilation of Qj^, with side three times bigger (see for example |^tn|| ). 
The sets {Eji^)k are then disjoint and, if the condition holds, we have 

wl^'\u,iu,Q,)) ^ iy,^/^-(^i(ug-j) ^ |g-j 

1~7 Ti ^ v_/ max -— — - 



< CCn maxfe < CCn max^- 



Corollary 3.2.6 If M : AS°(wo) ^ Kl^^^{wi), < po,Pi < oo, then 

wl'''\u,m . ^ iyo^^"°(t.o(i^)) p ^ ^ 

— \Q\ — - — m — ' ^' 

for every cube Q C R". In particular Woit) > 0, t > 0, and uq{x) > a.e. 

The following two propositions are a consequence of these results. 
Proposition 3.2.7 Let < poiPi < oo and let us assume that M : 
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Proof. By Corollary |3.2.(j| we have that, for every cube Q, 



^^^Ve>oW), ECQ. (3.7) 
IQI - w}''"(udQ)) 

Let us assume that Uo(M") < oo. Then, if a G (0,Mi(]R")) and b G (0, 1) are 
such that 

with C as in (|3.7|), we have that, if ui{Q) > a, the inequality uq{E) /uq{Q) < b 
implies 

M < c ^o^'^'iME)) ^ ^ W^/'%buoiW)) ^ 
\Q\ - W^/'^MQ)) - W^^'^ia) 
that is, if Q is an arbitrary cube with Ui{Q) > a, 

EcQ, \E\ > 5-"|Q| uoiE) > bu^{Q). (3.8) 

Let now Qo be a cube with mi(3(5o) > « (for each cube Q, fcQ denotes 
another cube with the same center Q and side k times bigger than Q). Let 
Q C 3(5o be a cube whose interior is disjoint with Qq and such that \Q\ = 
\Qo\. Then, 5Q D SQq and hence, Ui{5Q) > a, and we have by (p.8|) 

Mo(Q) > 6mo(5Q) > buo{Qo). 

Therefore, uo{3Qo) > uo(<5o) + uo{Q) > (1 + b)uo{Qo) = auo{Qo), where 
a = 1 + 6 > 1. By the same argument, Uo{9Qo) > auo{3Qo) > «^Uo(<5o) and, 
in general, Mo(3"(5o) > ""'^o(Qo)- Since lim„ uo(3"'Qo) = ^^o(IR") and a > 1 
we have that mo(]R"') = oo (observe that Uo(Qo) > by (p.7|) ) contradicting 
the initial assumption. □ 

Proposition 3.2.8 Let < po,Pi < oo. If M : A^'{w) A^^'^iw), then 
Pi < Po- If, in addition, w ^ L^(]R+), then pi = Pq. 



Proof. By Corollary |3.2.6| , we have that 



^l/pi-l/po(^(g)) < C, 
for every cube Q gMJ^, and by Proposition |3.2.7 



l^iM-i/Po(^) < r>0. 

Since lim^^o W^(^) = 0, we obtain that pi < Pq. If w ^ L^(M+ 
limt^oo W^(t) = oo and the previous inequahty holds only if po = Pi- ^ 
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Proposition 3.2.9 Let < p,q,r < oo. If M : A^^w) A^''{w), then 
r > q. 

Proof. I /I < Mf for every / G A^(M") and the hypothesis imphes 
that AP''^{w) C A^'^{w). Since {M."-,u{x)dx) and (W^,w{t)dt) are nonatomic 
spaces, and ||/||ap.9(u,) = ||/iI||LP>'j(^), the previous embedding implies that 

^j\^{t)f'^~UtY < C(^j\\t)t'^'^-'dt^"\ g i, 
with h = W{u(W^)). Equivalents, 

l\{t)f'P-^dt 

sup T < OO. 

I J gitf 'f/f-Ut) 
Now, by Theorem |1.3.5| in ||Saj| , this supremum is finite if r < g. □ 

The following result is a consequence of the interpolation theorems de- 
veloped in section L2 of the previous chapter. 

Theorem 3.2.10 Let < pQ,pi < oo and let us assume that Wi G A2. 
Then, the houndedness M : Ap^^{wq) A^i'°°(wi) on characteristic functions: 

implies 

M ■ Af^'iwo) Al^iw,), < r < 00, 

for Pi < qi < 00, i = 0,1, pi/po = qi/qo- In particular, we have that 
M : Aliwo) ^ Al\{w^) ifpi>Po. 

Proof. Since M : L°° , the statement is an immediate consequence 

of Theorem 2.6. 10| (see also Remark 2.6.11 ). □ 



Combining Theorem 3.2.4 with the results of section ^.6| of the previous 
chapter, on boundedness of continuous order operators on Lorentz spaces, 
we obtain the following characterization for the weak-type boundedness in 
the case < Pq <1 and wi G Bp-^/p^. 

Theorem 3.2.11 If < po < 1, < pi < 00, and wi G Bp^jp^^ we have the 
houndedness M : A^°(?i;o) — > A^_^^{wi) if and only if, for every finite family 
of cubes {Qj)j^i and every family of measurable sets {Ej)j^^ with Ej C Qj, 
for every j, we have that 

»'>"-(».(U,,0,))<C-maxl*l 



^/p°(„j\ I. ~ j \Ej\ 



W.^'^uoiiJ.E,)) 
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Proof. Since M is an order continuous operator (Definition p.. 2. 3D on the 



regular class L = A^o(wo), we have, by Theorem p.6.9| , that the bound- 
edness is equivalent to ( |X3| ) and thus, condition is necessary and 

sufficient. □ 



3.3 Strong-type boundedness in the diagonal 

case 

In this section we shall give a characterization of the Bp{u) class in the more 
general case; that is, we shall obtain a necessary and sufficient condition to 
have the boundedness 

M : A^(^) ^ A^(«;). 
To this end, we ffist need the two following technical lemmae: 
Lemma 3.3.1 Let {] < p < oo and let us assume that, for every cube Q C 

with C independent of Q. Then, w E Bg for every q > p. In particular 

W e As. 

Proof. The measure u{x)dx is a-finite and nonatomic and, therefore, 
(R", u{x)dx) is a resonant measure space. In these spaces, it holds that 



f*{s)g*{s) ds = sup / f{x)h{x)u{x) dx 

h*=g* J 

(see [ [B|j|| ) for every measurable functions f,g. In our case, we have that, for 
< t < m(Q), 



u ^{x)xe{,x) u{x) dx : u{E) = t, E C 



< C 



-sup 

-sup{|E| : u{E) = t, E CQ} 
\Q\ W^'p{t) 



Wyp{u{Q)) t 
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Since the function {u ^XqTu decreasing and, 



uiQY 
we obtain that 

u{Q) t 

which is equivalent to ^ [^^'^'^ < C^^^^f^, < t < r < oo and hence (see, for 
example |^^) w e [jq^pBg. □ 



We shall also need the following result due to Hunt-Kurtz ([ [HK|| ). 

Lemma 3.3.2 lft>0, Ed W\ and we denote by Et = {Mxe > t}, there 
exists a constant a > 1, depending only on the dimension, such that 

{Et),^E^ts. s,tG(0,l). 

It is known that the boundedness of M : Lp{u) — ^ Lp{u), p > 1, implies 
M : LP-'{u) LP-'{u) for some e > 0. Analogously, M : Ap{w) Ap{w) 
is equivalent to w E Bp, that implies w G -Bp-^. As we are going to see 
next, this also holds for the general case M : Ap{w) — > A^(w); that is, if 
w G Bp{u), < p < oo, there exists e > such that w G Bp_^{u). In fact, 
in our next theorem, we prove a stronger result: if M : A^{w) A^(w) on 
characteristics functions, then w G -Bp_e. Part of its proof follows the same 
patterns developed in Theorem 2 of |HK|. 



Theorem 3.3.3 Let < p,r < oo and let us assume that 
\\MxEhz'^t^^)<C\\xE\\Ki^), i^cM^ 
Then, there exists q G {0,p) such that M : A^(w) — > A^(w). 

Proof. First, we shall prove that the inequality of the statement is also 
true if we substitute the indices p, r by some others p and f with p < p and 
r < r. To this end, let us observe that the hypothesis of the theorem is 



equivalent (c.f. Proposition |2.2.5[) to the inequality 



t'-'W^Piu{Et)) dt < BW^Piu(E)), E C M", (3.9) 

Jo 
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with Et, t > 0, defined as in the previous lemma, and B is a. constant 
independent of E. Let a > 1, the constant, depending only on the dimension, 
of Lemma |3.3.2| . We shall prove that, for every n = 0,l,2,..., the inequality 

rf-'W/P(u(Et))\log''-dt < B(BaTW''/''iuiE)), E C M", 
Jo n\ t 

(3.10) 

holds. If n = 0, ( |3.1CI|) is ( p.9|) . By induction, we only have to show that 
( p.lOj ) implies an analogous inequality with n + 1 instead of n. To see this, 
and since s G (0, 1), we apply ( |3.10| ) to the set E = E^, obtaining 

['f-^W'^/p{ui{E,)t))^\og^ldt < BiBan^'W^^'HE,)). (3.11) 
JO nl t 

By Lemma |3.3.2| , the left hand side of ( p.ll| ) is greater than or equal to 

['^%r-^W^/p{u{E^st))^\og''ldt 
Jo nl t 

/ x'^-'W/PiuiE,))- log" — dx 
Jo nl X 

r x''-'W'"^P{u{E,))^ log" - dx. 
Jo n! X 

Thus, from (|3.11|) it follows that 

- r x'-'W'/P(u(EA)^log'' -dx < (Ba'-r+\s'-^W'^P(u(E,)). 
s Jo nl X 



[as] 



> (as) 



Integrating in s G (0, 1) both members of this inequality and by 
deduce that 

- r x''-^W''/P{u{E^j)^log''-dxds < B{Ba')''+^W''/P{u{E)), 
Jo s Jo n\ X 

and changing the order of integration in the left hand side, we obtain 



we 



x'-^W-l'^iuiE^)) 



, ^ log"+^ -dx< B{Ba'Y^^Wl\u(E)), 
[n + 1)! X 



as we wanted to prove. 

Let now R G (0, 1). The inequality (|3.10|) can be written in the following 
form: 

"1 . . r^iogi^" 



r-'iy/p(u(Et))- 



dt < BR^'W'/PiuiE)), 



and summing in n we obtain, with 5 = R/ (Ba^) > 0, 

f'f-'-'W'/P{uiEt))dt < _^iy-/P(„(E)), 
Jo i — li 
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equivalently 

||Mxi,|U.,.(^)<C||xi.|Us(^), i?CM^ 
where p = p{r — 6)/r < p, s = r — 6 (see Proposition |2.2.5| ). In particular, 



Also, by Theorem |3.2.4| and Lemma |3.3.1| we have that W E A2. Then, we 



can apply Theorem p.2.1CI| (with uq = ui = u, Wq = Wi = w, po = pi = p) to 



conclude the result. □ 

An immediate consequence of Theorem |3.3.3| and Lemma |3.3.1| is the 
following: 

Corollary 3.3.4 Let < p < 00 and let u he an arbitrary weight in R". 
Then, 

L If w E Bp{u) there exists q < p such that w G Bq{u). 

2. Bp{u) C Bp, that is, the houndedness M : A^{w) — * A^{w) implies 
M : AP{w) ^AP{w). 

We can now obtain the characterization of the boundedness M : A^{w) — >■ 
AP{w) or equivalently of the classes Bp{u) for every u. 

Theorem 3.3.5 Letu,w be weights mM" andR^ respectively. IfO < p < 00 
the following results are equivalent: 

(t) M:AP{w)^AP{w). 
(ill) M : Aliw) Aliw), with q E (0,p). 

(iv) There exists q E (0,p) such that IIMxsHa^.oo^^^ < C\\xe\\aI(w), E C 

(v) There exists q E (0,p) such that, for every finite family of cubes {Qj)j^i 
and every family of measurable sets {EjY-^^ with Ej C Qj, for every j, 
we have that 

'^P^^<C...jm\ (3.12) 



(vi) {{MxE)*ait)y < C— t > 0, E C M", with q E (0,p) indepen- 
dent of t and E. 
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Proof. 

(i) =^ (ii) is immediate and (ii)^(iii) is given in Theorem p.3.3| . (iii)^(iv) 
is also immediate and (iv)^(i) is a consequence of Theorem |3.2.1CI| (since 

G A2 by Theorem |3.2.4| and Lemma |3.3.1| ). The equivalence (iv)<^=>(v) is 
Theorem |3.2.4| . On the other hand, (vi) implies, for E C W^, 



\\Mx 



snpW'/'^it)iMxE):it) < CW'/'^iuiE)) = C\\xe\ 
t>o 



which is condition (iv). Finally, (iii) implies M : A^(w) 
Theorem |3.2.2|, we get (vi) . □ 



A^'°°(w) and by 



Remark 3.3.6 

As we mentioned in Remark |3 .2 .51 , we can assume that the sets {Ej)j in ( |3.12| ) 
are disjoint. If the weight u is doubling (i.e., u{2Q) < Cu{Q)), then also the 
cubes {Qj)j can be taken disjoint. 

Let us assume that the weight w satisfies the following property: for every 
a > 1 there exists a constant Ca such that 

^^^^^ < C max V f3 13) 

for every finite family of positive numbers {(r^, t-,) }^-^, with < tj < rj, j = 
1, . . . ,m. Then, we only need to check condition (|3.12|) for a unique cube Qj 
and a unique set Ej, that is, it is equivalent to the inequality 

for q < p, and for every cube Q C M". To see this, observe that this condition 
is a consequence of ( p.l2|) and, if (|3.14|) holds and {Ej)j is a disjoint family 
with Ej C Qj, then 



W{u{U,E,)) - WiEjUiE,))- J \W{u{E,)) 



< CCo-max 
j 



\E,\ 



aq 



and it is enough to take a > 1 with aq < p. We observe that every power 
weight w(t) = t"", a > — 1, satisfies the above condition. 
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If w = 1, p > 1, condition ( |3.12| ) says that u G Ap, since this last condition 



is equivalent (see, for example ptn|] ) to the existence of g G such that 



for every cube Q, which is equivalent to (|3.12| ) (by (ii)). 



U u = 1, then it is immediate to see that ( |3.12| ) is equivalent to w G -Bp. 

This last observation can be generalized in the following way. 

Theorem 3.3.7 If u e Ai then, 

M : AP(w) ^ AP(w) ^ M : AP{w) AP{w), < p < oo. 

With more generality, if < p < oo, then Bp{u) = Bp if and only if u E 
rig>i Aq. 



Proof. We already know, by Corollary |3.3.4| , that Bp{u) C Bp. On the 



other hand, \i w G -Bp, there exists I < p such that w G Bi and we have 
that W{r)/W{t) < C{r/t)\ < t < r < oo. Let s > 1 be such that 
si < p. If M G r\q>i Aq, in particular u G As, and it holds that u{Q)/u{E) < 
C{\Q\/\E\y , E (Z Q. Therefore, for every family {Qj)j of cubes and Ej C Qj 
(pairwise disjoint). 



W{u{{}^Ej)) - W{Y.,u{E^)) - \E,uiE 



< C max 
j 





< C max 


f\Qj 


-) 


\u{E,)) 









which implies that w G Bp{u) (Theorem p.3.5| (v)). 

Conversely, let us assume now that Bp{u) = Bp. For every q < p the 
weight w(t) = is in Bp = Bp{u) and by ( p.l2| ) we have that, with 
9i e (g,p), 

(u{Q)Y _ W{u{Q)) fU^'i- 
\u{E)J W{u{E)) - 

and thus, 



|g|gi/9 - \E\i^/i'' 

for every cube Q and hence, if r = qi/q G (l,p/g), we obtain u G ns>r^s- 
Since this argument works for q < p, we deduce that u G Clsyi ^s- □ 
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Remark 3.3.8 (i) We know that the boundedness of M : Ap{w) 
holds if and only if w & Bp and, on the other hand, M : 



AP, p>l 

(that is, M : Lp{u) — > U'{u)) if and only if -u G Ap. Then, one could think 
that the boundedness M : A^{w) A^{w)^ p > 1, holds if and only if 
u G Ap, w G Bp, that is, Bp{u) = Bp ii u E Ap. The previous result shows 
that this is not true. In fact, as a consequence of it, Bp{u) ^ Bp, 1 < p < oo, 
if u E Ap\Ag with 1 < q < p. 

(ii) The fact that Bp G Bp\ 
and |[Ne2|| , for the case p > 1. 



ii u E r\n>i Aq was already proved in 



Using the same idea one can analogously prove the following result which 
together with Theorem |3.3.7| improves Corollary 3.3 in ||US3|| and Theo- 
rem 4.1 in |[Ne2|| , to consider the whole range < g < oo. 



Theorem 3.3.9 If 1 < p < oo and u G Ap, then Bg/p ^o <Z Bq{u), < q < 
oo. 



By Proposition |3.2.7| we know that the boundedness of M : A^{w) 
AP{w) implies m(M") = oo. This is, essentially, the best we can say about 
u, since there are examples in which u is not in any Ap class. In fact, 
the following result proves something stronger: the weight u could be not 



doubhng. See also Proposition 3.4.12 



Theorem 3.3.10 If u{x) = e'^', x G M, and w = X(o,i); have that M : 
A^(w) — i> A^(w) for every q > 1. Therefore, it is not necessary, in general, 
that the weight u is doubling to have the boundedness M : A^{w) A^{w). 



Proof. Since the weight w satisfies condition (|3.13|) of Remark 3.3.6 , it is 
enough to show that, for every cube Q C R we have. 



W{u{Q)) ^ ^W{u{E)) 



\Q\ 



< c- 



\E\ 



EcQ. 



(3.15) 



l{u{E) > 1 then u{Q) > 1, W{u{E)) = W{u{Q)) = 1, and (|37[5| ) holds (with 
C = 1) trivially. Thus, we can assume that u{E) < 1. Then, W{u{E)) = 
u{E) and (|3.15|) is equivalent, by Lebesgue differentiation theorem, to 



\Q\ 



< Cu{x), a.e. X E Q. 



(3.16) 



To prove (|3.16| ), we can assume Q 
function: for cubes of the form Q - 



{a, b) with < a < 6 since u is an even 
[—a, b) we have 



W{u{Q)) ^ W{2u{<d,b)) ^^W{u{Q,b)) 



\Q\ 



< 



mb)\ 



< 2- 



l(0,&)| 
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and we use that the essential infimum of u in (0, b) and in (—a, b) coincide. 
Let then Q = {a,b) with < a < 6 and let us see ( p.l6| ). The infimum 
of M in Q is e"' and, hence, we have to show that W{u{Q))/\Q\ < Ce". If 
g6 _ ga _ > X then b > log(l + e") and hence 

\Q\ b-a ~ log(l + e«) - a log(l + e^") ~ 

If, on the contrary, — e'* = < 1, we have that b — a<e^ — e°'<l and 

therefore, 

Wjum u{Q) e^-e"^, ^^-g ^ □ 



3.4 Weak- type inequality 

In this section, we shall study necessary and/or sufficient conditions for the 
weak-type inequality to hold, 

M : A^„H^ArH- 
The following result (see [ pS3|j ) gives a necessary condition. 



Theorem 3.4.1 Let < po?Pi < oo and let us assume that M : A^^(wo) — > 
A^^'°°(wi). Then, there exists a constant C > such that 

II^o'xqII(a™K,))'II^qIIa^„1(-i) ^^1^1 (3-17) 

/or ei'er?/ cu&e Q C M*^. i/ere, || ■ ||(apo(«,o))' denotes the norm in the associate 
space (c.f. Definition |^.^.4 Theorem \2.4-Ti )- 



In what follows, we shall study condition ( 3.17| ) and we shall obtain some 



important consequences. For example, combining the previous statement 
with some of the results in chapter |^, we obtain a condition that reduces 
(depending on wq) the range of indices po for which the boundedness of 
M : AP^(wo) — > AP\'°°{wi) can be true. To this end, we define the index 
Pw G [0, oo) as follows: 



Pii 



W{t) 

(where ]?' = oo if < p < 1). 
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Theorem 3.4.2 Let < pi < oo and let us assume that we have the hound- 
edness of M : A^^Hwo) K\'"°M- Then, po > p^,. If p^, > 1 the 
previous inequality is strict. 

Proof. If M : AJJ°(wo) — > Api^'°^(w;i), we have, by Theorem |3XT| , 
(A»(wo))' ^ {0}. Then, Theorem |2X9| imphes tP'^/Wjt) e Lp'o-\{0,1), dt/t). 
That is. 

The result we are looking for, follows from the fact that I is an interval in 
[0, oo), unbounded in the right hand side, and open in the left hand side by 
Pwo, if Pwo > 1- □ 



Theorem 3.4.3 If po < 1 there are no weights Uo,Ui such that M : 
LP°{uo) < Pi < oo is bounded. 

Proof. It is enough to observe that LP'^{uq) = A^°(l) and that, if w = 
l,p^ = l (c.f. (^)). □ 

To find equivalent integral expression to ( p.l7| ), it will be useful to asso- 
ciate to each weight u in the family of functions {4>q}q defined in the 
following way. For every cube Q C M", 

u(0) /■* 

Mt) = (t^Q^t) = -T^ / ds, t > 0. (3.19) 



\Q\ Jo 

It will be also very useful the right derivative of the function 0q 

<P'Qit) = ^{u''xQm, t>0. (3.20) 

Observe that ^^(t) = if t > u{Q), and that ^'^(t) < (j)Q{t)/t, t > 0. Now, 
we can give an equivalent expression of ( |3.17| ) in terms of these functions. 
These integral expressions are quite similar to those for the classes Bp^ ^^ ao 
(Theorem |1.3.3| ). 

Proposition 3.4.4 Let (pq = (pQ^uo- 
(a) If 1 < Po < oo each of the following expressions are equivalent to (^.ITj ): 

(i) 
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(ii) 



(h) IfO<po<l, ( \3. 1 T\ ) is equivalent to 



MQ) (t>Q[t) 

We are assuming both in (a) and (b) that the inequalities are true for every 
cube Q C M", and that the constant C is independent of Q. 



Proof. Observe that, by definition, / {uq^xq)u (s) ds = — TTr^'^Qi^)- 
Hence, by Theorem p.4.7| (with r = uo{Q)), 



UoiQ) 

\0\ ( rMQ) !_„/ \Vpo 



^o^Xq)I(s) ds 



+ 







W^/'^uoiQ)) 



in the case po > 1, and 

II -1 II _JQ[_ Mi) 
ho ^«II(ASSM)'-^^,!JP^^^' 

in the case < po < 1- Since HxqIIa^i ("'i) ^ ^i^^\uiiQ)) and 

/ (^0 ^Xq)1(-5) (^-5 = / Uo^(a;)xQ (a;) Wo (a;) (ix = IQI, the given expression 
JO JR" 

can be immediately deduced from ( p. 171) . □ 



Remark 3.4.5 In many cases, condition ( p.lTD is also sufficient. For exam- 
ple: 

(i) If Wo = wi = 1, po = Pi = P > 1 inequality ( p. 17] ) is 

\\^O^XQ\\Lv'{uo)\\'^Q\\LP{m) ^ C'lQl' 



M.J. Carro, J. A. Raposo, and J. Soria 



99 



or equivalently, 

in the case p > 1, and 

in the case p = 1. This is the so-called Ap condition for the pair [ui, uq) and 
it is known to be sufficient for the boundedness M : Lp{uq) LP'°°{ui) or, 
in other terms, M : Ap^(1) ^ AP'~(1) (see |GR| ). 

(ii) If Mo = Ml = 1, then 4>Q(t) = t, < t < 1, and condition (|3.17|) (or any 
of the expressions of Proposition |3.4.4|) is equivalent to {wo,wi) G -Bpo,pi,oo 
(Theorem |1.3.3|) . That is, the condition is also sufficient. 

(iii) li Uq = Ui = u, po = pi = q > 1 and Wo{t) = Wi{t) = t"^/^"^, 1 < 
p < cxo, we are in the case M : U'''^{u) — > U''°°{u). Then condition ( p.171 ) is 
equivalent to the inequality 

\\u'^Xq\\Lp'^^'{u)\\XQ\\Lp^,(u) < C\Q\- (3.22) 

This case was studied by Chung, Hunt, and Kurtz in ||CHK]| (see also |[HK|| ) 
where they proved that (|3.22|) is a necessary and sufficient condition. 

The study of the properties of the functions {(pq) will allow us to better 
understand condition ( |3.17D , and obtain some consequences. In the following 
proposition, we summarize some of these properties. 

Proposition 3.4.6 Let u he a weight in and, for every cube Q C M", let 
4>Q = 4>Q,u- Then, 

(i) 0Q(t) = ^^max{|E| : E (lQ,u{E) = t}, Q<t<u{Q). 

(ii) <t'Q\[Qu{Q)] '■ [Oj'^lQ)] — ^ [0,'"(<5)] is strictly increasing, onto, concave 
and absolutely continuous. 

(iii) (pqit) >tE [0,u{Q)] and u E Ai if and only if 4>Q{t) < Ct, <t < 
u{Q). 

(tv) If Kp < 00,0 <q <p', ueAp^ UqHQ) ■ )\\lp',, < C. 
(v) IfueAp, 1 < p < oo, then 0^(M(Q)t) < Ct^Vp'^ < t < 1. 
(v%) If 1 <p <oo and (j)Q{u{Q)t) < C^-Vp'^ < t < 1, then u G ng>p ^q- 
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In (in), (iv), (v), and (vi), C represents a constant not depending on Q. 
Proof. 

(i) Let < t < u{Q) and E <Z Qhe a. measurable set such that u{E) = t. 
Then 

1^1 = L u-\x)xQix)xEix) u{x) dx < {u'\q)*u{s){xe)1{s) ds 

= J^(^"xQ):{s)ds = ^^Mt 







On the other hand, since {Q,u{x)xQ{x)dx) is a strongly resonant measure 
space (see |[BS|| ), there exists / > measurable in Q with /* = {xe)u = X[o,t) 
and such that 

Mt) = ri^''xQ):{s){xE):{s)ds 



u{Q) 



f{x)u ^{x)xq{x)u{x) dx. (3.23) 



It follows that / = xr, with R C Q, u{R) = t and, by (|]2|), 
\R\. 

(ii) Let us see that 4>Q\[ou{Q)] strictly increasing (the rest of the 
properties are obvious). It is enough to prove that {u~^XQ)ui^) > for 
< t < u{Q). On the contrary, there would exist to ^ (0,m(Q)) such that 

Vq)m(^o) = and hence u{{u~^xq > 0}) < to- Since to < u{Q), we 
would have that u{{x G Q : u{x) = +oo}) = u{{u'^Xq = 0}) > 0, which 
contradicts the fact that u is locally integrable. 

(iii) Since (pg is concave in [0,'u(Q)], t'^cpqif) is decreasing and, thus, 
t'^iqit) > u{Q)-^^q{u{Q)) = 1 for < t < u{Q). The second part of (iii) 
follows from (i) and the fact that u G Ai ii and only if ^^^j^ < C^j^. 

(iv) By definition (see |[Stn|] ), u E Ap 

Since L^ '"^ C L^' if < g < p', we have proved the sufficiency in (iv). 
Conversely, iiu & Ap it is known that u G Ap_^ for some e > 0. Therefore, by 
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the previous equivalence, \\(I)q{u{Q) ■)\\i^p_^y < C. Observe that (f)'Q{u{Q)t) = 

l§^(«"^XQ)*(«(Q)i) = for t > 1. Since Lfi''-(X) C if po < Pi and 

X is of finite measure (see [IBSIh, we have that 



||0^KQ) ■)IU<ll0QWQ)-)ll{p_.y<C^- 

(v) The case p = 1 is a consequence of (iii) and the inequahty (pqit) < 
(j)Q{t)/t. liu e Ap, 1 < p < oo then, by (iv), we have that ||0q(m(Q) Ollp'.oo ^ 
\\(I)'q{u{Q) ■ )||p, < C. Since (t>Q{u{Q) ■ ) is decreasing, right continuous and 

equal to zero in [l,oo), ||0'q(m(Q) ■ = supo<t<i t^/P'0Q(M(Q)t) and we 

obtain (v). 

(vi) The hypothesis implies \\4>'q{u{Q) ■ )||^p',oo < C. But (p'qiuiQ) ■ ) is 
supported in [0, 1] and therefore, 

U'qHQ) ■)\\l.'<U'qHQ) ■)IIl.'.oo<c^, 

for q > p and (vi) follows from (iv). □ 

Let us see a useful consequence of the two above propositions. 
Proposition 3.4.7 IfO < po,Pi < oo and M : AS'^(wo) Ap\''^{wi), then 

MQ) (l>Q{t) 

Here (pq = (pg^uo we are assuming that the previous inequalities are 
satisfied for every cube Q C M", with C independent of Q. 

Proof, (ii) is a consequence of (i) and Proposition |3.4.6| (iii). Hence, we 
only have to show (i). If ^ 1? (i) is Proposition |3.4.4| (b). For p^ > 1 we 
have, by Proposition |3.4.4| (a.i), 

(/Vc;-^«(.)rf0j°(.))'^'Vi^/^^(«i(Q)) < Cu,{Q), 
for < t < Uq{Q). Since Wq is increasing, it follows that 

and we obtain (i). □ 

The following result establishes that in the boundedness M : Ap°{wo) — >• 
A^i'°°(wi) we can always assume that u = 1. 
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Theorem 3.4.8 If < Po,Pi < oo and M : AS°(wo) A^i'°°(wi), we have 
that 

M : AP°(wo) — > A^^'°^(wi), 
that is, {wo,wi) e fipo.Pi.oo- 

Proof. U po > 1 then, by Proposition |3.4.4| (a.ii) and using that (pqit) > 
t, < t < u{Q) (Proposition ^.4.6| (iii)) we have the inequahties 



(^) «^o(t)rft) Wl'^^{um < Cu{Q\ 

Wl'^^uiQ)) < CWl'''\um. 

for every cube Q C M". But we have proved (Proposition |3.2.7|) that 
m(]R") = oo. Then, for every r > there exists a cube Q with u{Q) = r. 
Therefore, the two previous inequahties are equivalent to the condition (a. iii) 
of Theorem |1.3.3| and hence, {wq, Wi) G -Bpo,pi,oo- 



orem 



If ^ 1 W6 apply Proposition |3.4.4] (b) to obtain the expression of The- 
1.3. 3| to conclude the same. □. 



Corollary 3.4.9 B.p^^{u) C -Bp,oo, < p < oo. 



Remark 3.4.10 (i) If M : Kl{w) ^^]:°^{w) then, by CoroUary ^X^, 
w G -Bi,oo- The bigger class Bp contained in -Bi,oo is Bi and if G -Bi, 
Theorem p.2.11| characterizes the previous boundedness. That is, the prob- 
lem M : A^(iy) — A^'°°(i(7) only remains open in the case w G -Bi,oo \ -Bi. 

(ii) Condition ( p.l7|) is sufficient in the case M : A^(w) — > A^'°°(w) if the 
weight w satisfies 



for every finite families of numbers {{tj,rj)}j with < tj < rj, j = 1 



,n. 



To see this, we observe that if the previous condition and ( |3.17| ) hold (which 



implies ( p.7|) ) we have, for every finite family of disjoint cubes {Qj)j and 
every family of sets {Ej)j with Ej C Qj, 



This also holds (since W G A2) if the cubes Qj are "almost" disjoint (if 
J2j XQj < k = kn)- If < / G A1(R") is bounded and with compact support 
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and t > 0, the level set Et = {Mf > t} is contained (see ||L1N 1[| ) in a finite 
union of cubes {Qj)j such that J2jXQ ^ k = kn (only depending on the 
dimension) and Jq^ f{x) dx > t, for every j. Then, 



< 



KM 



E 



u{Q 



\Q. 



iKMY 



and, to prove that ||M/|| 
see that 



Ai-°°(«,) 



< C||/||ai(«,) is bounded, we only have to 



< 



(since then we have that tW{u{Et)) < tW{u{{jj Qj)) < <^ II / II ai («,))• But, 
since Ej Xq, < k, 



u{Qj) _i 



(s) ds = sup„ 



{E)=t 



ElTrj^" ^i^)XQj{x)u{x)dx 



\EnQ^ 



< 



W{t) 



w{u{UjQj)) 



and (see Theorem p.4.7| (i)) the inequality we are looking for follows. 

(iii) If w G L^(]R+), the condition on w of the previous observation can 
be weakened up: it is sufficient that it holds "near 0" , that is, with E < e 
(for some fixed e > 0). 

(iv) It is easy to see (using the two previous observations) that, for the 
weights w = X{o,i), w{t) = ( log+(l/t))°, w{t) = ( log+ log+(l/t))°, w{t) = 
t", condition ( p.l7| ) is also equivalent (in the casepo = Pi = ^, Uq = Ui, Wq = 
Wi = w.) 



Theorem 3.4.11 Let 1 < p < oo, < q < oo. Then, 

(i) Bg/p C Bg^oo{u) implies u G nr>p A- 

(a) If q < 1, -Bq,oo C Bq^ooiu) iuiplies u & Ai. 
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Proof, (i) It is immediate to check (Theorem |1.3.4| ) that the weight w{t) = 
is in Bqjp C Bg oo{u), for < r < q/p. Hence, by Proposition |3.4.7| (i) 
we have that, for every cube Q C and < t < u{Q), 



<pQ{t) < Cu{Q) 



Since 0Q(t) < (t)Q{t)/t, < t < u{Q), we obtain that (f)'Q{u{Q)t) < 
Cf/'i-^, < t < 1, and by Proposition |3A|(vi), u G As for every s > q/r. 
Since this holds for < r < g/p, we conclude that u G nr>p ^r- 

(ii) Observe that (using, for example. Theorem |1.3.3|) w{t) = f^'^ G 
-Bg.oo C Bq^aoiu). From Proposition p.4.7| (i) (with wq = wi = f^^^ ,uo = ui = 
u ,Po = Pi = q) obtain now that (pqit) < Ct, < t < u{Q), and the 
result is a consequence of Proposition |3.4.(j| (iii). □ 

The following result is related to the Aoo class. Let us recall that (see, 
for example, ||Stn|| ) u G Aoo = Up>i if and only if there exist constants 
e, C > so that 



uiQ) ^ ^u{E) 



\E\ 



(3.24) 



for every cube Q and every measurable set E C Q. In general, the bound- 
edness of M : A^(w) A^'°°{w) does not imply u G A^o (Theorem p.3.10| ). 
But we can still give a sufficient condition on the weight w. 

Proposition 3.4.12 Let us assume that there exist constants e,C > so 
that 



W{r) ^ ^W{t) 
~ t'-' 
Then Ap{w) C A^q, < p < oo. 



< t < r < oo. 



Proof. We can assume e < p. If u G Ap{w), by Proposition p.4.7| , 

t \'/p 



w^/p(t) 



uiQ) 



for every Q and < t < u{Q). Then, 

0^(n(Q)t) < < C2f^'-\ < t < 1, 

and, from Proposition |3.4.6| (vi), it follows that u G Ag/, for the range q < 
p/{p-e). a 
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Remark 3.4.13 The condition on w of Proposition p.4.12| is not equivalent 
to w G Up -Bp (as it happens with the classes Ap). For example, the weight 
= X(o,i) ^ -Si,oo does not satisfy that condition. Even if we impose w ^ 
L^(M"'") as the example w{t) = 1/(1 + 1) shows. 

Power weights w{t) = trivially satisfy the condition of Proposi- 
tion |3.4.12| . Another nontrivial example, of a function satisfying such condi- 
tion (with e = 1/2) is w{t) = 1 + log+ (1/t). 

Up to now, we have only seen necessary conditions for the weak-type 
boundedness. Let us see now some sufficient conditions. For example, from 
Theorem |3.2.2| , we deduce the two following results. 

Theorem 3.4.14 Let < p,q < oo and let us assume that M : A^{w) 
A^'°°{w) is bounded. Let w another weight. Then we have that M : A^(w) 
A1^°°{w) is bounded in each of the following cases: 

(i) If < q < p and the condition 

W^iM M^'^^it) 

TTTTT-TT < C*— y-^, < t < r < cx) 

lyVp(r) - w^/p{t) 

holds. 

(a) If p < q < oo and it satisfies 

f 1 f fW{s)\^, ^. ^.^'i^ ^ W{t) ^ ^ 



\W{t) Jo \W{s)J J W{t) 

Proof. Let us fix t > and let us consider the weights 

w(s) w(s) 
^i(^) = ^^^X(o,t)(s), wo(s) = ~^X(o,t)(s), s>0. 

Under the hypothesis of (i) we have, by Theorem |1.2.18| (d) 

\ i/p 

gPit)w,it)dt) W^^^is) 



sup -^-^^ ^—rr = sup — 77 < C. 



g\t)wo{t)dt] "^0 



Therefore, 



ds ) 
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and we obtain (i). 

To see (ii), observe that the hypothesis imphes, with r = q/p > 1, 



^ fWi{s)y' 



wq{s) ds 



and by Theorem 1.5.7 in ||Saj| , we have 



sup 

9i 



gP{s)wi{s) ds 



i/p 



+ ur, \ <C+1<00, 



g{s)wi{s)ds \ i/p 



g''{s)wo{s) ds 



1/9 



sup 

, 9l 



/(s)iyo(s) ds 



l/r 



< {C'By/P < {C'{C + 1))'/^ = C" < oo. 



In particular, 
1 



W{t) Jo 



{f:ns)w{s) dsY" < c"{^-J- /J {f:ns)w{s) ds^ 



W{t) Jo 



for every t > and / G A^(]R") and by Theorem p.2.2| we get the result. □ 



Corollary 3.4.15 Let < p < oo and let us assume that M : A^{w) 
AP'°°(w) is bounded. IfO<q<p and w is a weight such that W^^'^ /W^/^ is 
decreasing, then M : A^(w) — > A^'°°(w) is also bounded. 

The following result completes Theorem p.4.8| . 

Theorem 3.4.16 If u E Ai, we have the boundedness M : A^°(wo) — > 
Al^^°°{wi), if and only if M : A^"'(k;o) Ap^^°°{wi). In particular Bp^J{u) = 
-Bp,oo5 < p < OO, if u E Ai. 

Proof. The "only if" condition is Theorem p.4.8| . To see the other im- 
plication, let us observe that if u E Ai we have, by Theorem |3.2.2| (applied 
to w = 1, p = 1) that (M/);(t) < Af*{t), t > 0, f e MiW'), where A 

the Hardy operator. Since the boundedness of M : A^"(wo) — > Ap^'°°{wi) is 
equivalent to A : L^"^{wo) we get 

w^/^^mMfut) < < ii/:iil.o(.o) = ii/iIa^i^o)' t > o, 

which is equivalent to ||M/||^pi,-(^^^ < ||/||^PO(^g). □ 



Using the same idea, we can prove the following result analogous to The- 
orem 3.2 in [|CS3 . 
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Theorem 3.4.17 Let < pQ,pi < oo, 1 < p < oo and let us assume u G Ap. 
Then, 

{wq^Wi) G Bp^^^p-^, we have that M : A^^°(wo) A^^{wi) is bounded, 
(zz) If{wo,wi) G ^po.pi.oo, then M : A7°(u;o) ^ AS^^'°°(ti;i) zs bounded. 

Proof. Hue Ap, by Theorem [SlT^ , {Mf)l{t)P < A{{f*y){t). The 
hypothesis in (i) imphes that A : L^°^{wo) L^^iwi) and it follows that 

/ /-oo \ 1/pi 

= (y^ ((M/):r(tK(t)rftj < iiA((/:niL..(.,) 

Analogously, one can easily prove (ii). □ 

U p > 1, Pq < Pi, (ii) can be improved in the following way: 

Corollary 3.4.18 Let < Po < pi < oo. If u e Ap, p > I, and {wo,wi) G 
5po,pi,oo, then M : App°{wo) App^{wi) is bounded. 

Proof. If M G v4p then u E Ag for some q G (l,p), and by the pre- 
vious theorem, M : A^°{wq) AlJ'^'°°{wi) is bounded. Applying now 
the interpolation theorem (Theorem p.6.3|) we obtain the boundedness of 
M : APP^iwo) APPi'PP«(w;i) C APJ'^iwi). □ 



Remark 3.4.19 In [[Ne2|| , Neugebauer introduces the classes A* which are 
defined by 

A* = {u e A^ : p = mf{q > 1 : u e Ag} }, 1 <p <oo. 

These classes are pairwise disjoint and the union of all of them is Aoo- With 
this terminology. Theorem p.3.7| states that Bp{u) = Bp, < p < cx), if 
u E Al (and this condition is also necessary). From Theorems p.4.11| and 



3.4. 17| we can deduce (using the property w G Bp ^ w E Bp^^) that, for 



l<p<oo, 0<g<oo, 

(a) ueA*p^ Bg/p C Bg{u), 

(b) Bg/p = Bg{u) ^ M G a;. 

This cannot be improved (as it happens in the case p = 1), that is, it 
is not true that the characterization of the classes Bg{u) when u G Aqo, is 
Bg{u) = Bp/g for p such that u G A*. In fact, it is easy to check that the 
weight u{x) = 1 + |a;|, a; G M, is in A2 and, by Theorem ^.3.5| (see also 



Remark |3.3.6| (ii)), w = X(o,i) ^ B^i2{u) (condition ( p.l2| ) holds with q = 1). 
However, w ^ B3/4 and thus, B^i2{u) ^ -B3/4. 
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We shall study now a sufficient condition to have the weak-type bound- 
edness. To this end, we shall need the following notation. We shall associate 
to each weight m in a function which is connected with the family of 
functions {4>q}q introduced in ( |3.19| ). This new function is defined by 

$„(t) = sup (p'oiuiQ) t), < t < cx), (3.25) 
Q 

where the supremum is taken over all cubes Q C M"'. Let us observe that 
= sup ^^{u-\q)1{u{Q) t), < t < oo. 

Therefore, $„(t) = if t > 1. Moreover, by Proposition |3.4.6| (iii), 

/ ^uis)ds > t, < t < 1. We know that if m = 1, {Mf)l{t) ^ 
Jo 

t > 0, where A is the Hardy operator. And although this does 
not happen when u ^ 1 (see ||CS3|| ) there exists the following positive partial 



result due to Leckband and Neugebauer ( ||LN1|| ). 

Theorem 3.4.20 Let u be a weight in M". Then, for each f G A1(]R") we 
have that 

roc 

{Mf)lit)<C <^^{s)f:{st)ds, 0<s<oo, 

<^ 

where C is a constant depending only on the dimension. 

Using this theorem, we can find a sufficient condition to have the bounded- 
ness M : A^°(wo) — ^ A^^'°^(wi). Observe the analogy with the corresponding 
expressions of Proposition |3.4.4 



Theorem 3.4.21 Let < pi < oo. 

(a) If 1 < po < oo and there exists a constant C < oo such that 

(i) ^J^ ^J^ $,(5) dsj W;''{t)wo{t) dtj W^/'^'ir) <C, r > 0, 

(ii) W^^^'ir) < CWo^'^'ir), r > 0, 

then M : AP"(wo) Ap^'°°{wi) is bounded. 

(b) If < Pq < 1, we have the same if the following condition holds 
^ ^ \ } < t < r < OO. 



pt/r 

/ $,(s) ds<C 
Jo 
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Proof. Let us consider the operator 



Tg{t) 



<i>u{s)g{st) ds 



k(t, s)g{s) ds, 



(with k{t, s) = (l/t)$u(s/t)) acting on functions g I. By Theorem |3.4.20| , 
the boundedness of 

T : LZiwo) LP'^^iw^) (3.26) 

imphes the result. The characterization of ( p.26| ) can be obtained as a direct 
apphcation of Theorem 4.3 in [|CS2|| . □ 



Remark 3.4.22 (i) The sufficient condition of the previous theorem is not 
necessary in general For example, if Wq = Wi = w = X(o,i)5 Po = Pi = 1, 

such condition is / $u(s) ds < t, < t < 1, and by Proposition |3.4.6| , it 
JO ~ 



is equivalent to u & Ai. That is, Ai C Ai{x{o,i))- However, for this weight 
condition ( |3.17| ) is necessary and sufficient in this case (see Remark |3.4.10| ) 



This condition is (Proposition ^X^ a) (j)Q{t) < -^^^^^^W-^{t), t > 0, and, 
by Proposition p.4.6| (i), it is equivalent to 

It is a simple exercise to check that (with w = X{o,i)) the weight u{x) = 
1 + |a;|, a; e M, satisfies this condition. However, u ^ Ap if p < 2, and it 
follows that Ai(x{o,i)) 7^ th^t is, the condition of Theorem ^.4.21| is not 
necessary. 

(ii) Let us assume that the weight u satisfies the following property: for 
every r > there exists a cube Qr so that 

(a) u{Qr) ^ r, 

(b) / <^u{s)ds^ f 4)Q,Xu{Qr)s)ds, 0<t<l. 
Jo Jo 

Then the condition of the previous theorem is equivalent to ( p.l7| ) and, 
hence, both are equivalent to the boundedness of M : A^^'^wq) Ap^'°°{wi). 
This follows immediately from the expressions of Theorem |3.4.21| and by 



Proposition |3.4.4| (with uq = Ui = u) since, fixed r > one can substitute, in 

/■*/'• 

the expressions of Theorem p.4.21| , r by u{Qr) and the integral / $m(s) ds 

ft/r 



t'Y / 4>o{u{Qr)s) ds to obtain the condition of Proposition |3.4.4| and vicev- 

Jo 
ersa. 
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(iii) Every power weight ■u(x) = a; G M", a > satisfies the previous 
condition. In fact, if Q is a cube centered at the origin, one can easily see 
that 

(M(Q)t) ^ ^t^, 0<t<l. 



Therefore, the characterization of the boundedness of M : A^"(iyo) ~^ 
A^i'°°(wi) is given in this case by the expressions of Theorem 3.4.21| (which 
is now equivalent to (|3.171 ). See also Theorem 5.7. 



3.5 Applications 

We can use now the result of the previous sections, to characterize in its total 
generality, the boundedness of 

M : LP'''(m) ^ L'-'^iu), (3.27) 

completing results of ||Mu|, |CHK|, |HK|, |La|| . 



Theorem 3.5.1 Let p,r E (0, oo), g, s G (0, oo\. 

(a) If either p < 1, p ^ r or s < q, there are no weights u satisfying the 
boundedness M : LP'^{u) — * L^''^{u). 

(b) The boundedness of 

M : L^'^iu) — > L^''{u) 

only holds if q < I, s = oo and, in this case, a necessary and sufficient 
condition is u E Ai. 

(c) If p > 1 and < q < s < oo, a necessary and sufficient condition to 
have the boundedness of 

M : LP'^u) — y LP''{u) 



is: 



(1) Ifq<l,s = oo: ^<C^, ECQ. 

\Q\p ~ \E\P 

(2) If q> I or s < oo : u E Ap. 
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Proof, (a) By Proposition |3.2.9| , the boundedness of 



M : LP'i{u) — > U''{u) (3.28) 

imphes s > q. On the other hand, ( |3.28| ) imphes the boundedness of M : 
LP'^iu) U''^{u) which is equivalent to M : A«(t«/P-i) and from 

Corollary |3.2.6| it follows that 

HQ)f" , E c Q. (3.29) 



\Q\ - \E\ 

By the Lebesgue differentiation theorem, we have that necessarily p > 1. 
Moreover, applying ( p.29| ) with E = Q we obtain that {u{Q))^^^"^^^ < C and 
since u{Q) can take any value in (0, oo) (Proposition |3.2.7| ), we get p = r. 

(b) Since the norm of a characteristic function in L^''^ does not depend 
on q, the boundedness in (b) implies ||Mx£;||2,i,s(„) < C||x£;||li(m)5 E C Q. 
If s < oo we obtain, from Theorem |3.3.3| , the boundedness of M : L'p{u) —>■ 
U'{u) withp < 1 and, by (a), we have a contradiction. Therefore, s = oo. On 
the other hand, the boundedness of M : L^'^{u) L^'°°{u) is the same than 
M : Aliti-^) A«'°°(t'?-i) and by Corollary [O:^ we obtain u{Q)/\Q\ < 



Cu{E)/\E\, E C Q, which is m G Ai. We know that this condition is 
sufficient if g < 1. But from Corollary p.4.9| we get f^^^ G -Bg,oo, and this is 



only possible (see Theorem p..3.3|) if g < 1. 

(c) If g < s < oo, by Theorem |3.3.3| and using interpolation, the 



boundedness of M : L^^'^^u) L^'^i^u) is equivalent to the boundedness 
of M : L^{u) —>■ L^{u) and a necessary and sufficient condition is m G Ap. In 
the case M : LP''^{u) —>■ L^'°°{u) (that is s = oo) we have two possibilities: (i) 
if g > 1 a necessary and sufficient condition is (see [|CHK|] ) u G Ap, and (ii) if 



g < 1, from Corollary |3.2.6 we obtain the condition u{Q)/\Q\p < u{E)/\E\p. 



In ||CHK|| it is shown that this condition is sufficient in the case g = 1 and 
(since L^'"^ C L^'^ if g < 1) also in the case g < 1. □ 

Remark 3.5.2 (i) The cases M : L\u) L^^^{u) and M : LP'^iu) 
LP'^{u) with l<p<g<s<oo were solved by Muckenhoupt in ||Mu|| , 
giving rise to the Ap classes. Chung, Hunt, and Kurtz ( ||CHK| , |HK|| ) solved 



the case M : LP''^{u) LP'^{u) with p > I, l<g<s<oo and Lai ([Ml) 
proved the necessity of the condition p = r to have ( p.27| ). 

(ii) The conditions obtained in the cases of weak-type inequalities (g, s < 
oo) coincide with ( |3.17| ). 



The following result characterizes the boundedness of 

M:Ai^{wo)-^A^^^'^{w,) (3.30) 
when u{x) = |a;|", x G M". 



112 



CHAPTER 3. MAXIMAL OPERATOR 



Theorem 3.5.3 Let u(x) 



\x\ 



X G 



a > —n. 



(a) lfa<0, (p.30|) is equivalent to {wo,Wi) E B, 



PQ,P1,00 ■ 



(h) If a > (|3.30|) holds if and only if {wo,Wi) G Bp^^p^ ^o, where for each 
z = 0,l, 

Wi{t) = Wi{t~)t~, t>0. 



Proof, (a) is consequence of Theorem |3.4.16| , since u{x) = G Ai if 
a < 0. To prove (b) we use the condition of Theorem p.4.21| that (by Re- 
mark |3]^]2^(iii)) is necessary and sufficient. The final condition is obtained 
making the change of variables t = t("'+°')/^^ r = f ("+")/"■ and comparing 
the expression we get with the corresponding to the classes Bp^^p^^^o (Theo- 
rem |rk|). □ 
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